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HECOBCTBEHHBIE UHTEI'PAJIBIL, 3BABUCSHAIIUE OT IIAPAMETPA.
YCJIOBUA CXOAUMOCTH

PaccmoTpum Hecobcmeennwiti uHTETpan OT GYHKIIMM IBYX MIEPEMEHHBIX f (X, Q)

®(a)= [ f(xa)dr (1)

OTIPENICTICHHOM MO0 X Ha MPOMEXYTKe a < x <b u npu « € 2. 3Ha4eHHE 3TOr0 WHTErpaja, Bo-
00111e TOBOPS, 3aBUCHUT OT 3HAYCHUS « , IPU KOTOPOM OH OepeTcs. 31eCh CUMBOI b MOXKET 03-
HAYaTh KaK BEIIECTBEHHOE YUCIIO, TAK M + 00 .

HecoOcTBeHHBIN MHTETPAJ IO CBOEMY ONPEACICHUIO €CTh 0OHOCMOPOHHUL npedel OT Onpee-
JICHHOTO (PUMaHOBCKOT'0) MHTErpaJia, KOrjia, HalpuMep, BEPXHUH TpeIieN MOCISTHEr0 CTPEMHT-
csi kK b cneBa. HamoMHuM, 4TO B ONPEICICHHOM MHTETpase MOAbIHTerpaibHast QYHKIIHS, PABHO
KaK ¥ MPOMEXYTOK MHTETPUPOBAHUS, JOJDKHBI ObITh ocpanuyenHbimu. B HECOOCTBEHHOM WHTE-
rpaje 3Toro He TpedyeTcs.

B sTOoM citydae 3aBUCUMOCTh 3HaueHUS (1) OT BETUYHMHBI ¢ SIBISETCS (DYHKYUOHAILHOU, TIO-
CKOJIBKY TipefieNl (PMMaHOBCKON MHTErPaIbHONW CyMMBI MPU MEJIKOCTH Pa30UEHUs] MPOMEKYTKa
UHTETPUPOBAHUSI CTPEMSIIECHCS K HYIIO), €CIIM CYHIECTBYET, JODKEH OBITh €IWHCTBEHHBIM. TO
ecTh, uHTerpan B hopmyie (1) 3amaer ghyrxyuro OT IEPEMEHHON « .
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BosHukaer ectecTBeHHBINM BOIPOC: Kak cBoWcTBa PyHKIMU P(r) 3aBUCAT OT CBOWCTB (PyHK-
i f(x,a) ?
Nnu, 6onee KOHKPETHO, MOKHO JIM, BBITIOJHSS KaKyroo-In0o omepanuio ¢ ¢pyHknuein DO()

(ckaXkeM, BBIUUCIHAA €€ Tpees, TuddepeHupys UiId HHTEIPUPYs €€ 0 « ) "MepecTaBsATh" ATy
OTIepaIMio U MHTerprupoBaHue mo x B (1) ?

Mgl yxe BUeNnd, 4To B OOIIEM cllydae 3TOro AeNaTh Helb3s, JaxKe Uil OoNpeAeNeHHbIX (puMa-
HOCKHUX) uHTerpayoB (cMm. npumep 1 B Teme 5). Ho, ecrecTBeHHO, MPEACTABISIETCS HHTEPECHBIM
BBISICHUTH, BO3MOXKHO JIM 3TO, U €CJIM BO3MOXHO, TO MPU KaKUX YCIOBHUSAX, JIsI HECOOCTBEHHBIX
uHTerpaioB Buja (1).
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YroObI MOTyYUTh OTBET HA ITOT BOIIPOC, JaJUM IPEBAPUTEILHO /1B ONPEACTICHUS:
A) Unrerpain (1) Ha3pIBaeTCs nomoueuHo CXOIANUMCS Ha MHOKeCTBE (), eciu

VaeQ u Ve>0:35,,>0: Vo:0,,<0<b <eg.

Tf(x,a)dx

B) Uurerpan (1) Ha3pIBaeTCs pasHoMmepHO CXOOAIUMCS Ha MHOXKECTBE (), ecin

Ve>01:36.>0: VaeQ uVo: §,<0<b <¢g.

Tf(x,a)dx
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3ameTuM, 4To, XOTs onpeneneHus A) u B) mo TekcTy moxoxu, Mexay HUMU UMEETCs CYIIEeCT-
BEHHAas pa3HUIIA.

I[lepBoe onpeneneHne NpocTo 0O3HAYaeT CyIECTBOBAHUE HECOOCTBEHHOTO MHTErpaa Ajsl Kax-
J0T0 (PUKCUPOBAHHOTO @ € ().

CoryiacHO 3TOMY OIPEAEICHUIO B CIy4ae NOTOYEYHOH CXOAMMOCTH UMEETCS MPABUIIO BBIOOPa
0, (1o 3apaHee 3aJJaHHBIM 3HAYEHUAM & U & ), KOTOPOE 00€CIIEYMBAET BBINIOJIHEHHE, YKAa3aH-
HOTO B OmpefeneHuy, yciaoBus. [Ipu 3ToM naHHOE MPABUIIO MOXKET OBITh pasHuiM Ul Pa3HBIX
3HaYeHul o € Q.

Bo BTopoMm onpenenenun TpedyeTcs CyIecTBOBaHHUE MIPpaBmIa BEIOOpa O, , 00€CIeunBaIOIIEero
BBITIOJTHEHHUE, YKA3aHHOTO B ONIPE/ICIICHNH, YCIOBUS, Pa30M Ul 6cex 3HAUeHUH o n3 Q.

[TonsTHO, YTO BTOpOE OMmpeaeneHue Oomnee "xectkoe", ueM nepBoe. To ecTh, U3 pasHOMepHOl
cxonuMocTy uHTerpana (1) cnenyer nomoueunas, HoO He HAOOOPOT.
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NmeroT MecTo cneayronme yrBepxKaeHus (TEopeMbl).

Teopema 1. Ecmum
1) f(x,a) HenpepbiBHA HAa MHOXeCTBE K :{a<x<b,a €la,,a,]} u

2) unrerpan (1) cxonurca paBHOMEpHO Ha [, &, ]

To ®(r) HenpepbiBHA Ha [, ,] | cipaBeAauBa Gopmyna
27 b b (22}
jda jf(x,a)dxzjdxjf(x,a)da.

Teopema 2. Ecmu
1) ¢dyskmmm  f(x,) u aaf(x,a) HEMPEPHIBHBI HAa MHOXECTBE
a
K:{asx<b,aela,a,]}n

2) wunterpan (1) cxomuTcs mnoroueyHo Ha [«,,a,] , a HHTerpai

j ——(x,a)dx cxomuTcs paBHOMEpHO Ha [, a,] ,

a

b

TO cipaBeyiuBa popmMyria 82(&) = I g(x,a) dx .
o > oa

N3 3Tux Teopem cieayeT BaxHOCTh CBOMCTBA PABHOMEPHOM CXOAMMOCTH B 3ajayax UCCIENO-
BaHUA HGCOGCTBGHHLIX I/IHTeraJIOB, 3aBUCAIIINX OT HapaMeTpa. HpI/I 3TOM HeHOCpe,Z[CTBeHHOC
WCITIOJIh30BaHUE onpenesieHus: B) MOXeT oka3aTbCsi BEChbMa TPYIOEMKHUM.



I'APMOHM‘JECKMﬁ AHAJIN8 YmuHoOB A.E., YMHOB E.A. 6
Tema 06 2024/25 yu. r.

JIis pelieHus MpakTUYEeCKUX 3aa4 B PAAC CIIy4acB OKa3bIBalOTCS IOJIE3HBIMU CIEAYIOIINE YT-
BEPXKICHHUS:

I.  Heobxooumoe u 0ocmamounoe yciosue pagHOMepHOU CXOOUMOCU.

Wuterpan (1) cxoautcs paBHOMEPHO TOTJa U TOJIbKO TOTJa, KOT/ia

—b
hlgzsup !f(x,a)dx =0.

aeQ)

II. Ompuyanue pasnomepnoii cxooumocmu.

Wuterpan (1) He cxoauTcsi paBHOMEPHO, €CIH

b
36,>0 n @, eQ : V>0 3&:5<E<h b | [f(xa)dx|2s,.
o
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IIL. [Ilpusnak Betiepuwmpacca (0ocmamoyHoe yciogue pasHOMEPHOU CXOOUMOCTIU).

Ecnu cymectByer A Ttakoe, uto QyHKIus ¢(x), onpeneneHHas Ha [A4,+ o) , ynoBie-
TBOPSIET YCIOBHSIM:

1) Vxe[d+o) n VaeQ: | f(x,a)|<dx),
b

2) HecOOCTBEHHBIN HHTETpal J-gé(x)dx CXOJIUTCA,
A

TO uHTerpai (1) cxoaurcs paBHOMEPHO Ha ().
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IV. Kpumepuii Kowu (Heobxooumoe u docmamounoe yciosue pagHoMepHOL CXOOUMOCMUL).

Wuterpan (1) cxoaurcst paBHOMEPHO, TOTAA U TOJIBKO TOTAa, KOT/1a

Ve>0: 30, e(ab) :YaeQ Vo'e[d,,b) u Vo"e€[0,,b) — <e¢.

T f(x,a)dx

Ompuyanue kpumepus Kowwu. JIns Toro, ytoObl HecOOCTBeHHBINH MHTErpan (1) He cxo-
JUTCS PABHOMEPHO, HEOOXOMMO M IOCTATOYHO, YTOOBI

5
g, >0 VS e[a,b): Fa,€Q, 35, e[5,b) u 35, [ 5,b) > jf(x,ao)dx > g, .

%

OO6parute BHUMaHue, 4To uHTErpaisl B IV u 'V onpedenennvie (pumaHOBCKHE).
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V1. [lpusnax Jupuxie (JocmamoyHoe yciogue pasHOMepHOU CXO0UMOCML).

b

Wurerpan Buaa I f(x,x)g(x,a)dx cxomurcs paBHOMEpPHO IO @ Ha MHOXeCTBe (2, ec-
A

JIM Ha MHOXeCTBe X € [A,b) mpu kaxiaoM « € Q ¢ynkumn f(x,@), g(x,2)u g. (x,a)
HenpepuleHbl IO X U YIOBJIETBOPSIOT YCIOBUIM:

1) lirrbl g(x,a) =0 paBHOMEpHO 110 & € (2,
2) dynkuusa g’ (x,«) 3HaKONOCTOSIHHA HA X € [A,b) 1pH KaxIoM o € Q,

3) M >0 VaeQuVxela,b) <M.

If(u,a)du
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OCHOBBIBasICh Ha 3THX TCOPCTUUCCKUX YTBCPKACHUAX, BBINIOJIHAOT HCCICAOBAHUA HECcoO0CT-
BCHHBIX MHTCT'PAJIOB HA CXOAUMOCTD

> 400
Mpumvep 1. MHecnegoBaTh Ha paBHOMEpHYIO cxoaumocth O(a) = .[ ae” ®dx npu A >0
A
Ha MHOXecTBax: 1) a €[a,,+o) ,tne a, >0 u 2) a €(0,4+0) .

Pemenue. 1) [Ilpumenum kputepuii I. imeeM (IpoBepbTe 3TH paBEHCTBA CAMOCTOSITEIHHO)

F>+00

A—>+x0 A—>+0 A—>+0

a>0 a>0

. - . - . —a,A
lim sup jae X dx=lm sup e oA _ fim ¢ %o =0,
Aﬁ+wae[a0,+oo) 7 Aﬁ+wae[a0,+oo) A=+
TO €CTh, UHTETPAJ CXOJJUTCSI PABHOMEPHO.
2) AHaJIOTHYHO,
T ad 1
lim sup Iae_axdx: lim supe” “* = lime™ " =e' >0,

A

MOCKOJIBKY CPE/IU MOJIOKUTENbHBIX ¢ st moboro A > 0 Haiigeres o, = — .

CnenoBaTtenbHO, paBHOMEPHOM CXOJAUMOCTH Ha BTOPOM MHOXECTBE [0 & HET.
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+o0
. . d
Npumep 2. Haitam lim al

a0 2 [+ x° +a’

Pemenme. W3 oneHku % <P(x) = ! > VaeR  mo npusnaky III (Beiiepmr-
I+x" +a I+x

+00

dx
pacca), B CHJIy CXOJMMOCTH HECOOCTBEHHOT'O MHTETpalia I = arctg x

+00

:ﬂ',

J1+x7 o

3aKJII0YaeM, YTO YKa3aHHBIM B yCIIOBUM MHTErpajl CXOIUTCS PaBHOMEPHO MO ¢ Ha
R.

[TosTomy 1o Teopeme 1 (B CHITy HEPEPHIBHOCTH 10 ¢ ) Oy/AE€T BEPHO PABEHCTBO
. F dx ' dx © odx

lim | ———— = |lim > > = I > =arctgx
0 1+x" +a S0+ x" +a s l+x

+00
=7.

—00
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.
¢ dx

lMpumep 3. HccnenoBarh Ha paBHOMEPHYIO cXoaumocTs P(a) = J.ﬁ Ha MHOECT-

o 1ta’x

Bax: 1) ¢ €[a,,+©) ,rne o, >0 u
2) a €(0,4) .

Pemenue. 1) IIpumenum onpenenenue B) Ha cTp. 3, KOTOpoe B JAHHOMU 3a71au€ UMEET BU/T

Ve>0:30,>0: Vaela,+©) u Vo: 0, <0<+0 > J-% <g.
sl+a’x

Hawm Hano HailTu npaBui1o, IO KOTOPOMY Ul KaXI0T0 3apaHee 3aaHHOTO I10JI0-
KHUTEIBHOTO & MOXXHO YKa3aTh O,, oOecleuHBarollee BBIIIOJHEHUE ITOTO HEpa-

BCHCTBaA.

Bocrnonb3yemcst TeM, 4TO COOTBETCTBYIONIUN HEOMpEIeICHHBIM WHTErpall Oepy-

de 5 :iarctgax+C.

LIUICS, T.€. PABEHCTBOM .[ _
l+a“x a
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CornacHo ¢opmyne Hpiorona-JleitOuuiia (ams HECOOCTBEHHOTO HHTETpaja) U
cBoWcTBaM (QYHKIMHU arctgx, Ui JIIOOBIX MOJOXKUTENBHBIX &,0, U a OymyT
CIIPaBeTUBBI COOTHOILICHUS

T 1 & T oas

O0<———arctgad, =—<& = ao,=tg| ———+nk| Vkel.

20 « 2 2 2
B cuny nepuoanunocty GpyHkuuu tgx, BUI O, OAUHAKOB IJIS JIEOOOTO LENoro &,
nosroMy nonoxum k =0. Torga nna &, umeem

T oaE as

1
ad, =tg| ——— = O, =—ctg—.
3% = L™

1 as
Hakonen (ITpoBepbTe 3TO CaMOCTOATEIBHO), MMOCKOJIBKY —ctg7 npu Q& <7
a

MOHOTOHHO Y6BIBaeT o &, TO B Ka4€CTBEC HCKOMOM 3aBHCHUMOCTH 55 OoT & MOX-

1 a,E
HO B3SITb O, = —ctg%. UYro M noKa3bIBaeT PaBHOMEPHYIO CXOJUMOCTb MHTE-
a
0

rpana.
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2) JlokakeM OTCYTCTBHE pPAaBHOMEPHOH CXOAMMOCTH HHTETpaja OTpPUIIAHHUEM
kputepus V (Kormm), KoTopoe B JaHHOM CiTydae UMEET BU]T
. ] % dx
g,>0: ¥6>0: 3a,>0, 35,25 u 35,26 > | [—— |24
5 l+a5x

IMonsiHTerpanbHas (yHKIMS MOJIOKUTEIbHA U MOHOTOHHO YyObIBaeT mo x. Ilo-
3TOMY CIPaBeAIMBa OLEHKA

8 " !

j dx S 0, — 0,

2.2 - 2. o2

l+a,x 1+ a,0,

=&,.
%
[Tpu 3TOM MOCNEeaHEE PAaBEHCTBO BEPHO MPU CIEAYIOLIUX donycmumblx (IPOBEPh-

Te 3T0!) 3HaueHusax Vo >0: 5, =0, 6,=0,+1, a, :;,., & =;.
0

JIeHCTBUTEIIFHO, MIPH JAHHBIX 3HAYCHHSX [TapaMETPOB BBITIOJIHSIOTCS PABCHCTBA
s.-5, (o,+1)-6, 1_
25 2 5 %o
l+a 0 50 1 " 2
I+ —=| 9,
50
T.¢. HEPaBHOMEPHO# CXOANMOCTH HET [0 OTPHUIAHHMIO KpHuTepHs Ko
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+00 2
Mpumep 4. HccmenoBarh Ha paBHOMEPHYIO cXoaumocth D(a) = .[ e (x—a) dx mHa
0

MHOXecTBax: 1) a € (—0,0) u 2) a € (0,+0) .

Pemenne. 1) Ilpumennm mpusHak Beiiepmtpacca. [Ipu mobom o <0 crnpaBenanBo Hepa-
—+00 2 +o0 2
- (x - ) —-X o
BCHCTBO e dx< |e dx . TlockombKy MOCIEIHUN HHTETpal
0 0

CXOAMTCSI, TO UCXOJHBIM MHTErpajl HA MHOXKECTBE « € (—o0, 0) cXoauTCs pas-
HOMEPHO.
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A fxe)
1
i !
/7/ i ¥
0 AR | S *

2) na «a € (0,400) Ha MHOXKECTBE X > ¢ TOJBIHTErpajbHas QYHKIHS TOJIO-

KHUTEJIbHa ¥ MOHOTOHHO yObIBaromiasi nmo x. Torga mo OTpUIIAHHIO KPUTEPHS
Komm

350:%: Vo>0: Jay=0 u 38 ,=0+1, Fo";=6+2

e
5"
| [t dn |2 e (5 =8) =
'
=T (5 42) = (5 +) = =4,
e

UTo 03HaYaeT OTCYTCTBHME PABHOMEPHOUM CXOJIUMOCTH MHTETpajia Ha MHOKECTBE
a € (0,4x) .
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+00

sin x
lpmvep 5.  HccnenoBaTe Ha paBHOMEPHYIO CXOAMMOCTh MHTErpaisl @, (a) = j dx n
1
sin x
D,(a)= J-aihdx Ha MHOXeECTBE: o =, >0 .
x“ +sinx

1

Pemenue. 1) [ uccnenoBanus unrerpana @O, (o) npumenuMm npusHak upuxie. Mure-

+00

rpaji Buaa J- f(x,)g(x,a)dx cxomuTcst paBHOMEPHO IO @ Ha MHOXecTBe (),
1

IIOCKOJIBKY Ha MHOXECTBE X €[l,+00) mpu KaxioM o« =, >0 QyHKIUMN

f(x,a), g(x,a)n g. (x,x) HEMPEPBIBHBI 10 X W YAOBICTBOPSIOT YCIOBHSM:

. 1
B nannom ciydae f(x,a)=sinx HempepeiBHA, a g(X,Q) = —- HENPEPHIBHO
X
maddepennupyema mo x . Kpome roro, umeem

.1
1° lim — =0 mpu Va >0, a paBHOMEPHOCTb ITOrO MPEAETLHOTO
X—>+0 X

nepexoaa BeITCKACT U3 OUCBUAHOIO HCPABCHCTBA
1

Ay

Zia Vx e[l,+o),Va ela,,+x).

X X

a
2°. ¢pynknms gl (X,a) =———  3HAKONOCTOSAHHA Ha X €[l,+ )
X

IIPHU K&KIOM o = ¢, >0 ,
3° Hakomner, .[sinudu :\—cosx+cosl <SM=2 xe[l,+xo)V
1

pu KaxIoM a = o, >0

3Haunt (no npusHaky [upuxiue) unrerpan @, () cxoauTcs paBHOMEPHO.
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2). Paccmotpum teneps cinydail unterpana @, («). 3aeck He OyaeT BBIIOIHATHCS

oax“ ' +cosx

ycnosue 2°. [leiictBuTensHo, GyHKIUA g (X, ) = — HE SIBIIICTCS

(x”‘ +sin x)
3HAKOMOCTOSIHHOU Ha X € [1,+00) npu a € (0,1) . IapiMu cnoBaMu, peaeabHbIN

nepexoq 1° umeer Mecto, HO OH HemoHomowuHwviti. CleI0OBaTENbHO, MPU3HAK
Jupuxiie 3mech 6ecrosie3eH.

Jus uccrnenoBanus cxoxumoctd @, (o) NpUMEHMM JPYrod HHCTPYMEHT:

dbopmyny Teinopa B coueTaHnu ¢ JOKa3aHHOW paHee B Kypce MaTeMaTHYeCKO-
IO aHajiu3a TEOPEMBI O TOM, UTO,

ecimn uHTerpan O(«) = P(a)+ Q(a), tne uaterpan Q(«x) cxo-
JUTCS. PAaBHOMEPHO U abCOI0THO, TO uHTErpansl ®(a) nu P()

HUMCIOT OAMH U TOT K€ B CXOAUMOCTH (I/IJII/I paCXOI[I/IMOCTI/I).

ITpu nomomu Gopmyiel Teittopa mpu x — +00 MoayyaeM paBeHCTBA

sin x
sin x a sin x sin x 1
a . = x' = a ’ 1_ a +O 2a =
x" +smnx 1 simx b9 X b9
+—
X

a 2a

. . 2

sinx sSin“x 1

= ——+0 .
X X
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+00 .
sin x
OTkyna HHTErpaj I ai_dx 9KBHBAJICHTEH 10 XapaKTepPy CXOJIUMOCTH
T x® +sinx
sin x

a

T sin? x
UHTETpaly .[ R
1

dx cxomutcs (Kak OBLIO

+00
S—dx, IOCKOJIbKY MHTErpa j

1
+00 1
IIOKA3aHO BBIILE) paBHOMEPHO 10 Npu3HaKy /lupuxie, a uHTErpai J- 0(3") dx
X
1

CXOIMTCSI paBHOMEPHO IO MpHU3HaKy BelepmTpacca (JIOKaXUTE 3TO CaMOCTOSI-
TEJIbHO).

“Tsin® x
Octanoch pa3oOpaThCsi ¢ BUIAOM CXOAMMOCTH HMHTErpaja .[ —.—dx. Ecim
RS

1

BCIIOMHUTh MaTepuai 2 ceMecTpa, TO OTBET OyleT Takoii:

2

‘Csin® x © o sinx
HWHTETpa jfdx , (a, 3Hawum, u unmeepan I ——dx)
a
1

x 1 x® +sinx

1 1
pacxoautcs mpu o < 5 U CXOAMUTCSI pABHOMEPHO MpH o > 5
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. 1
HeiictBurensho, npu Vo € (1,40) u 0<a£5, nmonobpaB n Takoe, UTO

7m > O , U IPEJIeNIOB UHTETPUPOBAHUS O, = 7 U Oy, = 27 , UMEEM OLICHKY

2m 1

sin’ xdx =

X Zﬂnﬂ'[l 2m - dr = 2

1
2 2m 2 4

2.’[ml—cos2x 1 m

1 N
3HAYUT, CYIIECTBYET &, = TaKoe, uro Vo € (l,+00) Halpyrca Oy =m u

S o+ 2
0y, = 2/m, mpuHaUIeKamue (J,+00), NpU KOTOPBIX .[
5()]

X

dx|2¢,. Torma

T sin® x 1
MHTErpan J‘fdx pacxooumes 1t 0 < o < — COTIACHO OMPUYAHUIO KPU-
“ 2

mepus Kowu.

sin? X 17 1 ¢ cos2x

3aMeTuM, YTO paBEHCTBO .[
2a
1 X 2 1
JSIeT MPUMEHSTh NMPU3HAK CPaBHEHUS, HOCKOJII:Ky BTOpPOW MHTErpajl B MpPaBoOi
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KOITIOCTOSITHHBI.



