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Fourier transform

The Fourier integral has numerous applications in problems of mechanics and physics. At the
same time, a closely related, complex-valued mathematical object called Fourier transform.

Let's figure out what it is first.

Fourier integral of a function ! (t), absolutely integrable on any interval of the real axis,

piecewise continuous Vx € (=90,+9) and having for any real * one-sided derivatives, matches

the function

Y(x)= 71r Tda)Tf(t) cos(x —t)dt

Tf(t) cos(x —t)dt

Taking into account that the expression —= there is an even function on a
[ f®)sino(x—1)dt
variable @, and the expression - odd, we can write that
1 ) +4 + 1 ) +4 +00 )
Y(x)= lim -[dco If(t) cosw(x —t)dt 0= lim |do '[f(t) sino(x —t)dt
21 A—>+ao_A i And 2 A+ M
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If we multiply both sides of the second equality by an imaginary unit and then add both
equalities term by term, then in the limit, using Euler's formula we get.

Y(x) = ;ﬂ Tdco f f(t)cos o (x —1)dt + 2; Tda) f f(O)sino(x—1)dt =

B 1 +00 +00 . B 1 +00 +00 iw(x_t)
_27T_J;da)_J;f(t)(cosa)(x—t)Jrzsmw(x—t))dt—M_Lda)_jmf(t)e dr .

And, if we also assume that the function J () 1S continuous, then Y(x)=/(x) , then the last
equality can be written in symmetric form

. _ 1 't iwx 1 i —iwt
f(x)= - jooe do - [O f(e dt. 0
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Here we will have to make a “lyrical digression” and remember that the outer integral in
formula (1) (that is, the integral over the variable @) is not just an improper integral with two
singular points T And — . Namely, the passage to the limit at both singular points was done
“synchronously,” which is prohibited by definition in an ordinary improper integral.

In other words, here we are dealing with some special type of improper integrals. This
feature is explained

Example 1. Find -1

This integral is improper, having two singular points: "+ 90" And "= 0", For it to converge, it
is necessary that it converges in each of them. Take, for example, "+ 0". We have
1
dx . .
= limInx' =—limIne = +oo
X £—>+0 € £>+0
€

1
dx .
I,= I = lim
e>+0
—>+0 X

Integral Lo diverges, which means the integral also diverges /. Note that the integral also

. I,
diverges " 0.

Now let us perform the passage to the limit at the points "+ 90" And "—0 ""synchronously",
using the same scheme as in deriving formula (1):

- 1
I, = lim jdx+jdx =1im(lnx_g+lnxlj=0
: £—>+0 ’ X ' X £—+0 -1 g

Whence it follows that the integral converges.
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To distinguish improper integrals of this kind, Cauchy proposed calling them integrals in the
sense of the main meaning and denoted by the symbol "v.p." (from fr. vmain alue). So,

1
V.p.:flcj: =0

It is clear that from the convergence of an improper integral in the usual sense, it follows that
it converges in the sense of the principal value, but not vice versa.
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To solve practical problems, it turned out to be convenient, based on formula (5), to give

Definition 1. Function

Ty =vp. | j F(x)e  dx
2w =,
called Fourier transform functions f(x) , a function
7 1 iwx
F(@)=v.p. j F(x)e' ™ dx
2w =,

— inverse transformation Fourier.

The notation is also often used

J(@) = FLf] gnq T@)=FIf1
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Example 2. Find the opposite Fourier transform of a function

) :{ Lopu x <u,

0,mpu x >u.

Solution: For 7(6‘)) we have

—Uu

7 1 ¢ iox 1 r iox
)= wede= — e de=
f@= . J1w e

/ 2 sinuw

’ \'\/ T w

‘E eiwu _ e—icou
J=
(¥, 2im
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1
. . @)=
Example 3. Find the Fourier transform of a function I+x

For f (@) we have

f"(a)):F{ ! } ! I e % gx =

1 + X2 B "\]”"E _ool + xz
1 400 . +oC .
L _[ cos(a);c) dv—— i _[ sm(a))zc) v —
f\v‘/'yzﬂ' % 1 +X A-\vflzﬂ' o 1 +Xx

B CUJIy YE€THOCTH KOCHUHYCa U HCYCTHOCTU CUHYCAa, a TAKXKC

HCIIOJIb3Ys 3BHAUCHHE UHTETPajia Harmaca, nojry4dacm

= - - o
_ 2 J-cos(ch) dy— 2 T o _ 7o
Ty 1+x w2 2
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Properties of the Fourier Transform

Let us formulate the basic properties of the Fourier transform.

19, Let the function /) absolutely integrable to R, Then /(@) continuous and limited to

lim f(w)=0
R whose function “Hi‘*’f( ) .

20, Let the function /(¥ is absolutely integrable and has finite one-sided derivatives on R
Then

FUFIN=FIFfN=f

3°. Linearity of the Fourier transform: if the Fourier transforms of functions / And & exist,
then for any complex # And ¥ equality is true

FIAf +ugl=AF[f]+ uFg]



9 HARMONIC ANALYSIS Umnov A.E., Umnov E.A.
Topic 10 Weight-sem. 2025/26 academic year

4°. Fourier transform of the derivative of a function: 1if derivative functions

(k) _
ST ) k=0120 n are continuously differentiable and absolutely integrable, then

Vk=[l,n]  F[/"]=() F[f]

At the same time 3C >0 gych that .
In other words, than more the function has absolutely integrable derivatives, so faster its
Fourier transform tends to zero at infinity and vice versa.

5°. Derivative of the Fourier transform: let function f(x) is continuous, and functions of the

X f(x) Vk=0,120 n

form absolutely integrable on R | then its Fourier transform

/(@) There is 7 times differentiable by R function. At the same time

JP@) =) FIx*f()] k=[Ln]
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We illustrate the use of the properties of the Fourier transform with the following examples.

o=

1+ x

Example 4. Let . Show that

Solution:

1) (@) has on R continuous derivative of third order;

ﬂmzﬁéj

2). at @ =%,

1) Sufficient conditions for integrability (comparison test) of a function
k

f="

1+ x° _
x essence k_1’2’3. S

o, according to the property 5°
J(@)=FLf] has derivatives up to the third order inclusive.

1

) 1+ x . . . .
2) Function has continuous derivatives up to the fourth order inclusive

and piecewise continuous fifth derivative of the form 120sign(x) | Then from
property 4° we obtain the required estimate.



11 HARMONIC ANALYSIS Umnov A.E., Umnov E.A.
Topic 10 Weight-sem. 2025/26 academic year

ou _ 0’u
. - . T A2
Example 5. Onset ¥ € R.120 £nd function u(x,t)’ satisfying the equation Of O

thermal conductivity such that u(x,0) =y (%) .
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ou / ou / aZu 1

= t :ux 2 :uxx
Solution: Let us introduce the following notation: ot Ox Ox . In

/ /
addition, we will assume that the functions u(x,0), u, (,0), 1, (X1 absolutely

integrable in X on the entire real axis for each =0 Finally, we also agree that

Fo(x):Vt=0 u/(x,t) <o(x) u T(p(x)dx < 40
- (0)

R/
main idea: to both sides of the equation U =l apply the Fourier transform

according to X, counting ! parameter.

Let

Flu(w,t)] = ;ﬂ Tu(x, t)e_iw Ydx

—0o0
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For greater clarity, we will not use the 4° property, but will use the definition of the
Fourier transform directly.

Then, having integrated twice by parts and taking into account that the integrated
terms vanish by virtue of (6), we obtain the equalities

XX / zz / zZ

27 -®

+o0 . . +o .
F[u//]z % ...u//e_lwzdz: L(u/e—la)z+oo+l.wj'u;e—zcozdzj:

VTl 5 -0

— 0

0 —iw z
_ o (ue

+00 o
— 1 iz
T 4w Iue B e L — Iue 0Ly = —0*Flu]
’N’lzﬂ *'/ /4

— —00
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On the other hand, due to the assumptions made, and since in the Fourier transformed

F
Flu']= F{@u} _ d
equation, ® — parameter, ot dt . And thus, the original partial differential
equation is reduced to an ordinary differential equation (where the unknown is the function F)
type:

_ —w*t
whose general solution is a family of functions J(@,t)=D(w)e .

The initial condition at =0 in our problem is the function uo(x)’ whose Fourier transform

1 +00 .
D(w) = [u,(z)€7dz
1s the function D(o) . This means that 2z,
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As a result, we get what we are looking for solution of the heat equation found by applying

to the function f (@,1) reverse Fourier transforms.

Hence,

+o0

+o0 . _ 2 .
u(x,t) = ;ﬂ [D(@)e" ™ do D(w) = ;ﬁ [uy(z)€7 dz
—0 , Where o0

For example (check it yourself using the solution to problem §17, No. 8(2)), what if

1
2
XZ - t +

- 2
— 2 —
uy(x)=e , That flon=e . Where does it come from that

—w2(t+j 1 _ 52
u(x,0)=F" ¢ V= W2
12t +1



