HARMONIC ANALYSIS Umnov A.E., Umnov E.A.
Topic 09 Weight-sem. 2024/25

Fourier integral

Let the function /() absolutely integrable on any interval of the real axis, piecewise

continuous ¥ € 7%+ %) 444 has for any real X one-sided derivatives.

Then, by analogy with the definition of the trigonometric Fourier series, replacing the operation

of summation with integration, it can be associated with the function Y(x) , which is an improper

x € (0,+00)

integral depending on the parameter , the species

Y(x)= T(a(u) cos xu + b(u)sin xu)du

0 , (D
a(u) = 71T f f(t)cosut dt b(u) = 71T Tf(z) sinut dt

Where And
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Takes place

Theorem 1. At the point X the equality will be true

t = 15O /G=0

Functions ™) And () can be considered (by analogy with sequences @} And {bk},
which are the discrete spectrum of a periodic function) as continuous spectra non-periodic

functions / (¥) |

And the function itself ¥ (x)’ called Fourier integral, can be interpreted as a harmonic
expansion (i.e., as a spectrum) for non-periodic functions.
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The connection between the Fourier series and the Fourier integral can be demonstrated more
clearly and naturally using the following passage to the limit in the standard Riemannian integral
sum.

As we saw earlier, each absolutely integrable on the interval [=4. 4] fynctions /) can be

put into correspondence defined on R, 24 -periodic function D(x)

a, & mtkx . Tthx
O(x) = 2°+kz_l:(ak cos +b, sin Aj

the species

; 2)

b

called amount Fourier series, where the coefficients “* And ¢ were determined by formulas

A A
a, = ; [r@ydu, a, = ; [ £ @)cos ”fl” du VkeN
-4 -4 And

VXE(—A,A) Q)(x)zf(x_o)+f(x+0)
Then 2
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Let's make the following transformations based on formula (1).

a &2 mkx mkx
J(x,A)= "2+ cos  +b, sin =
(x,4) ) ;(ak y k y j

= ;Aj;f(t) dt + 2((;_A[lf(t)cosTdt]cosiixﬂt(;j;f(t)sin fdt]sin@ix} =

4 o 4

:21A-[1f(t) dl+kz;ilJ;f(t)(cosf-cosﬂijrsin;f-sin;ﬂ;jdt:

_ L f’ oy dis LT f F(tycos™ (x—1)di 3)
247, o4 A |

Y(0) = 711 Jf(t) cos co(t —x)dt

Consider the function . defined for @ €(0-4) L et's build it for

0, =2 A%¥0,) A =
N — k k k=

her Riemannian integral sum the species , in which N — fineness of the

k

0, =
A belongs * -th section of the partition.

interval division (0, 4] , A



HARMONIC ANALYSIS Umnov A.E., Umnov E.A.
Topic 09 Weight-sem. 2024/25

Here we have three passages to the limit: the summation of the Fourier series at &V —> |
A — +0. and finally —4 — —©. Let us assume that they ensure that the fineness of the partition

1 A
lim t) dt=0
A—>+002A_-Lf()

tends to zero. Then, taking into account , we get

N +00 —+o0
lim J(x, 4) = lim lZAk‘I’(a)k)z 1 [do [ @) coso(x—1)d =
T 0 —0

A+ A—+o g7 oy

= T(a(a)) cosmx + b(w)sin wx)a’w =Y(x), 4)
a(w) = 711 Tf(t) cos wt dt b(w) = 71r Tf(t) sin ot dt

Where And
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In these discussions, it is important to take into account that in these formulas three limit
passages were combined into one:

- transition from an integral sum to a definite integral due to the tendency of the fineness of
the partition to zero;

- transition from a definite integral to an improper integral at a singular point + > ;

- transition from a definite integral to an improper integral at a singular point — .

In this case, the joint execution of limit passages of the first with the second, as well as the first
with the third, is quite correct. But the joint execution of the second and third transitions clearly
violates the definition of the existence of an improper integral with several singular points (it
requires the existence of an integral in everyone singular points at independent limit passages to
each of them). We will consider this issue later.
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To illustrate this interpretation, consider

Example 6. Represent by Fourier integral for 7 =10 function
f(x)= {

LLopu x <rt,

0, mpu x >r.

Solution: Let fixed T >0. Since the function /) even, then it is obvious that 2(#) =0
For “%) we have

a() =+ jf(u)cosurdt _2 jf(u)cosmdt = %jcosutdt =
71'700 T 0 T

0

2sintu

u

Therefore, the required representation will be

+o0 -
J‘ SINTu - CoS xu

f(x)= 2 du
T

0 u
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Continuous Spectral Function Graph a() for =10 has a look.
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Consider the following Cauchy problem for the harmonic equation

2
X"twyx = Acosmt

with initial conditions: (O =X (=0, \where @o > 0,0>0,4=0 _ some constants.

In the theory of oscillations, a similar problem arises when studying an external harmonic influence
with a frequency ® and amplitude 4 to a linear system, the frequency of natural oscillations of

which is equal to @,

2 2 .
A+, tiw,

Note that for this problem the characteristic equation =0 has roots , and the

1 it ( 1 j —iwt
right side is the sum of quasipolynomials of zero order 2 2 .

OEN0O)

It is known that the solution to this Cauchy problem for 0 there will be a non-resonant

A
x()= , (cost — cos w,t)
. W, —®
function

4 .
x(t)= _ , tsinoyt
0]

0= B , the solution has the form 0

While in the resonant case, with

It follows that in the non-resonant case the amplitude of oscillations of the solution is constant,
and in the case of resonance it is proportional to the independent variable ¢.

Finally, it becomes obvious that when exposed to a continuous spectrum, there will be a
harmonic that has a resonant frequency.
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Comparison of the properties of the Fourier series and the Fourier integral

Let us compare the definitions and properties of the Fourier series and integral for an absolutely

integrable function )

Hopefully:

function /() defined and absolutely

integrable on the interval [-4,4], 4>0

Hopefully:

function /() definite, absolutely integrable

Vx € ( >+ ) , 1S PIECCWISC continuous on any

segment of the real axis and has one-sided
derivatives for each real ¥ .

It is associated with the function

a il mhkx mhx
dx)= %+ a, cos + b, sin
9=+ 3 a,c05™ s ™)

b

It is associated with the function

Y(x) = T(a(a)) cos x + b(u) sin ox)dw

0

Where

ay = ;if(t) i,

A
a, = 114 J.f(t)cosﬂjtdt VkeN
-4

17 Tkt
b, = t)si dt VkeN
= Lf()sm p c

Where

a(w) = ! Tf(t) coswt dt
T —00

b(w) = ! Tf(z‘) sin wt dt
Tt —00

Equality is fair Equality is fair
lim d(x) = 7 Fo =9 er TG00 o ccaay limyey=7 H 7Y ’; S0 +0) o (o0, 4 00)
Function ™) determined on * € (-%>+ %) , Function Y () ,setat ¥ € (=00, + o0) ,

24 _periodic

generally speaking, non-periodic

Sequences @) ang 04} , keN |

are called discrete spectrom J ()

Functions “(@) And 5(@) L, @€ (0,+90) ’

are called continuous spectrum functions )



