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COMPLETENESS OF SYSTEMS OF FUNCTIONS.

Below we will use the following definitions and theoretical facts.

In any finite-dimensional linear space, all norms are equivalent (in terms of convergence). In

infinite-dimensional spaces this may not hold.

Linear space of continuous on [a,0]

A CLlab] 52335] /)

we will denote it as CLL@:P] o Cla,b]

Linear space of continuous on [a,0]

f = FO0) dx

we will denote it as CL[a,b] )

Linear space of continuous on [a,0]

[ o = S (0 dx

we will denote it as CL,[a,b] .

In this case, there are useful estimates:

A CLab] <(b-a) f CL[a,b] f Cflz[a,b]S b—a f CLiab]

And

functions <)  with the norm

functions S () with the norm

functions /) with the norm
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It can be shown that from norm convergence CLleb] (as they sometimes say, convergence in

CL[a,b

mean square) does not follow norm convergence ' (uniform convergence), and from

norm convergence Chlabl (convergence on average) does not imply convergence in the mean
square.

Definition. Counting system of elements {g1(x), g,(x),0 ,g,(x),0 } in linear normed
space L called full, If

k
Vi(x)eL Ve>0 — 3JkeN IA,4,,0 4, eR: f—Z),jgj <eg.
J=l

Note that negation this definition looks like:

k
I, (x)el g, >0 — VkeN VA,A4.0 .4 eR: f=D A8, 2¢,.
J=1
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Fair Weierstrass' theorem:

{17'x7 XZ,N ’xn’m }

1°.  Function system full in €19:2] on any segment [4:01

20 Function system {1,cosx, sinx, cos2x, sin2x, ,0 , cosnx, sinnx, 0 } is

complete in the space of continuous on [=7.7] functions for which /(7)== (7)

Complete systems can be used to approximate functions of a suitable class by finite polynomials
with any predetermined accuracy.
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Let's look at some examples studies of systems of functions for completeness (that is, evidence of
the presence or absence of this property).

Example 01. The system of odd Legendre polynomials, supplemented by a function
equal to identically 1, is complete in the space of continuous functions on the

interval [0,1].

Solution: I like continuous (O function /) can be represented in the form
S )= f0)+o(x), where ¢(0)=0.

Function ?() , and hence the function J)=7(0) can be continued in an odd

way to [=L1]- Means Foy such that

F) - £0)1-Y o, Py (x) <&
on LI

3 2k-1
whence the completeness of the system follows Lo, xRy [01)-
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Example 02.

Solution:

The system of sines of odd multiple arcs is incomplete in the space of

continuous functions on the interval [0,1].

max 1—» A.sin(2j-Dx =1,
max /Z,, (2j-Dx

It follows from the assessment: because

there is a continuous /=1 VX€[0I] 314 any function of the form

D 4, sin(2j—1x
j=1 equalto0at x=0
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Problem 03.

Solution.

2)

1))

2 4 6 2n
Show that the system of functions (EE A R

1) not complete Cl-12],

2) full in CT121-

Let k=0

C[-1,2]

In abundance available function (=1, for which

exists point X, =0 such that
xrel[lﬁ)g] So() =P, (x) = fi(x))—P,(x)) = 1-0 =1=¢,

P (x).
atany "
Then from denial determining the completeness of a system of functions
should be

{x29x49x65M ,x2ﬂ,M } C[_laz]

that the system of functions not full in

For an arbitrary function /() € CLL2] pate the size

n—1

max f(x)— Za ¥ =max x?- (x) Z(xx =

xe[1.2] xe[1.2]

— 42 _
when replacing t=x" = x=At

=maxt- f( ) Zat <44

te[1,4]

max f( ) Zat <j

max t <4 1e[1.4] ‘
because <4 And according to the

theorems of Weierstrass
VAGED)
due to continuity on [L4] functions
Therefore, by defining the completeness of a system of functions, the

2 4 6 2n
system {x7,x7, 27 0 L x™0 Y g CIL2I
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3 5 2n+l
Problem 04. Show that the system of functions EE

1) not complete ¢4l

2) full in T4l

n—1
P, (x) =D o, x*".
Solution. 1) Let k=0
In abundance C[-4,7] available function fo() =1, for which

=0eC[-4,n] such that

~H[13X] Sox)=F,(x) 2 fo(x))—P,(x,) = 1-0 =l=¢,

. . X
exists point ~0

P (x).
atany "
Then from denial determining the completeness of a system of functions should

be
3 5 2n+1
that the system of functions {%>¥ »¥ M ot full in €47

2) Arbitrary function J(x) e CmA] continue continuously in an odd way

on [=%4 We denote the resulting function & (x) € C[-4.4]. True for her
equality g(-x) = _g(_x) Vx e[-4,4].

For £(*) Weierstrass's theorem is true:

2n+l
Ve>03R,(x)=D> a,x": Vxe[-44] 0 |g(x)-R,(x) <s.

k=0

Vxe[-4,4] W g(=x)-R,(-x) <e.

P” (X) — Rn (x)_Rn (—X) Vx e [_4’4]
Note also that 2 and what of the oddness

But it will also be true

g(x)= W8N vy craa.
functions &) equality follows 2

Let's evaluate now

g(x)_Pn(X)‘ = g(x)_g(_x) _ Rn(X)—Rn(—x)‘ <

2 2 1~

3 5 2n+l1
This means that the system of functions R R L full in =441,

and, therefore, in C1™4]- Because, by construction, & (X)=/f(x) Vxe[rnd]
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Problem 05. Find out whether the system of functions will be complete
{l,cosx,cos2x,l ,cosnx,,ll }

1) on Cl=2.4],
2) on C[2,4].

Solution. 1) Recall: the system tlcosx,cos2xll ,cosnx, [l } is full on [a,0] ,If

Vf(x) Ve>0 3P(x)=> a,coskx
k=1 such that
f(x)-P(x) <g Vx €[a,b].

Negation this definition is:

function system {1,cosx,cos2x,l0 ,cosnx, 0 } ;o not full on [a,b] If

dg, >0, 3x,<€[a,b] such that f(x,)—P(x,) 2¢, VP (x).
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2°.

Let us assume the opposite: this system is complete [-2.4]

Then, for not equal to identically 0, odd continuous function S there is a point

X, €(0,2) , such that

Ve>0  fi(x)—-F,(x,) <& Pn(x)=zakcoskx

Jx)=A4>0" 2n4 ,  Where k=0

Note that £, (x) There is even construction function.

At the same time %o € (=2,0) , where due to oddness /(*) and parity () , the

following estimate would be fair:
Jo(X) =P, (x") = fo(xo)+ B, (x)) >24~¢

b

from which follows the incompleteness of the system {1’ cos.x, cos2x, Il coskx, I }

[-2,2]

on

, and, therefore, on [-2.4] . But this contradicts the original assumption.

Finally, if f(x) <0 Vxe(0.2) , then we carry out similar reasoning for the continuous
odd function 8(*)=-/(x)
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3%

Pacesorpay cavuad C2. 4],

: d, = TR < Tl
Iyets 8§ = .};' +Z(n, COs i +h, sin / ) YACTHYHRIE CYMME! paja Dypre
k=l

.

UG ST P Y
dyuxmmn f(x) xe[-Ii].a g, =""""" 1 T~ COOTRETCTEYIOUIME HM CYMMEI
H+
theiicpa.
Hoonpenenas f{x) na [—4.4 | 9eTHEM 00pazos, MOIVIHM 9ETHVIO, HENPEPRIBHYID
PyHEUHIO 2(x) Tagvie. 4Te gixl = f(y) Yy e |24]. HacrHunee cyMsMel paaa Pyprne
(pagHO KAk u cymuyel Bediepa) jum pvaknng @{x) GvayT HCKOTOPRMH THHEHHEMH

ROMOHHAIMAMH PYHEIHA B3 CHeTeMBI § i cosx: cos2x.. . .cosnxi... ).

BocnonsayeMen Tenepk Teopesoii eilepa o ToM, UTO, €CIH (VHKIHA £2{x) HenpephBHa
wa |- ] w gi=0 = g(l). TO PYHEUHOHANLNAS MOCASIOBATENLHOCTL [, | CXOIAUTCH
PABHOMEPHO K CymMe pada Dypee ana dyukusn gix) My arof reopemel cnenyer, dmo
Yez0 N, takoe.wmo Vmz N, sup glx)-o, <& .HO TOrIA DYICT BEPHO B

el
Ve=0 dN rakoe, wro Ymz N, sup  fix)-o, <&. Yo poxasmeset nonvory
ve| 2]

cucTembl yHrmmi | 1 cosx; cos2x;, . cosax;,,, | wa C]2.4].



