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COMPLETENESS OF SYSTEMS OF FUNCTIONS. 
 
 
Below we will use the following definitions and theoretical facts. 
 

In any finite-dimensional linear space, all norms are equivalent (in terms of convergence). In 
infinite-dimensional spaces this may not hold. 
 

Linear space of continuous on  functions  with the norm 

 we will denote it as  or . 
 

Linear space of continuous on  functions  with the norm 

 we will denote it as . 
 

Linear space of continuous on  functions  with the norm 

 we will denote it as . 
 
In this case, there are useful estimates: 
 

   And   . 
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It can be shown that from norm convergence  (as they sometimes say, convergence in 

mean square) does not follow norm convergence  (uniform convergence), and from 

norm convergence  (convergence on average) does not imply convergence in the mean 
square. 
 

Definition. Counting system of elements  in linear normed 
space  called full, If 

 
 

Note that negation this definition looks like: 
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Fair Weierstrass' theorem: 
 

1⁰.​  Function system  full in  on any segment . 
 

2⁰.​  Function system  is 

complete in the space of continuous on   functions for which . 
 

Complete systems can be used to approximate functions of a suitable class by finite polynomials 
with any predetermined accuracy. 
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Let's look at some examples studies of systems of functions for completeness (that is, evidence of 
the presence or absence of this property).  
 
Example 01. ​ The system of odd Legendre polynomials, supplemented by a function 

equal to identically 1, is complete in the space of continuous functions on the 

interval  
 

Solution: ​ I like continuous  function  can be represented in the form 

 Where  
 

Function , and hence the function  can be continued in an odd 

way to  Means  such that 

 on , 

whence the completeness of the system follows  on  
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Example 02. ​ The system of sines of odd multiple arcs is incomplete in the space of 

continuous functions on the interval  
 

Solution: ​ It follows from the assessment:​ because 

there is a continuous  , and any function of the form 

 equal to 0 at . 
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Problem 03. ​ Show that the system of functions   

​ ​ 1) not complete  

​ ​ 2) full in  
 

Solution. 1) ​ Let  

 ​ In abundance available function  for which 

 ​ exists point  such that 

 ​ ​ ​  

 ​ at any  
 ​ Then from denial determining the completeness of a system of functions 

should be 

 ​ that the system of functions  not full in  
 

2) ​ For an arbitrary function  rate the size 

 ​ ​ ​  

 ​ when replacing    

 ​ ​ ​  

 ​ because      And      according to the 
theorems of Weierstrass 

 ​ due to continuity on  functions  
​ Therefore, by defining the completeness of a system of functions, the 

system  ​  full in  
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Problem 04.​ Show that the system of functions   

​ ​ 1) not complete  

​ ​ 2) full in  
 

Solution.​1) ​ Let  

 ​ In abundance available function  for which 

 ​ exists point  such that​ ​  

 ​ ​ ​  

 ​ at any  
 ​ Then from denial determining the completeness of a system of functions should 

be 

 ​ that the system of functions  not full in  
 

2) ​ Arbitrary function  continue continuously in an odd way 

 ​ on  We denote the resulting function  True for her 

 ​ equality    
 

 ​ For  Weierstrass's theorem is true: 

 ​ ​  

 ​ But it will also be true  

 ​ Note also that     and what of the oddness 

 ​ functions  equality follows    
 
 ​ Let's evaluate now 

 ​ ​  
 

 ​ This means that the system of functions  full in  

 ​ and, therefore, in  Because, by construction,    . 
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Problem 05.​ Find out whether the system of functions will be complete 

​ ​ ​    

​ ​ 1) on  

​ ​ 2) on  
 

Solution.​1) ​ Recall: the system  is full on , If 

 such that 

 
 
Negation this definition is: 
 

function system  is not full on , If 

 such that  
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2⁰. ​ Let us assume the opposite: this system is complete .  
 
 

Then, for not equal to identically 0, odd continuous function  there is a point 

, such that  

   And   ,​  Where . 

Note that  There is even construction function. 
 

At the same time , where due to oddness  and parity , the 
following estimate would be fair: 

 , 

from which follows the incompleteness of the system  on 

, and, therefore, on . But this contradicts the original assumption. 
 

Finally, if , then we carry out similar reasoning for the continuous 

odd function . 
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