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STUDYING THE FUNCTIONS OF MANY VARIABLES
TO THE CONDITIONAL EXTREME

2
Let us be given a twice continuously differentiable in some domain QcE” with ONB

*

X
, €Q

function /() Let us find out under what conditions this function has at the point Y

local minimum given that €5 =0 Lets give

*

X
Definition 1. We will say that the function /(Y) has at point 7  conditional
¥
minimum, if exists Us | punctured surroundings, such that for any points

X

eU,
Y takes place
g(x,y)=0

and the inequality holds
fy)> f(x7,07) (1)
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Let's look at the specific one first. task:

_ 2 .2 .
Example 1. IN E > examine the function for extremum J (%) ==X~y given that

gx,y)=x+y-2=0

Solution: 1) Obviously, this problem can be solved by elimination, expressing ¥ from

the condition of communication through * and substituting =2-X
the target function.
Then we come to the problem of maximizing the function

D(x) = —x —(2—)6)2
O =f=2

no restrictions, whose solution % = Ly =1 Ang
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Lagrange function and its uses

Let us first consider the geometric interpretation of the problem, obtaining the necessary
conditions for its solution.

\

/ :
1

This figure shows the isolines of the objective function in gray (and black)
f(x’y) =—x’ _y2 ,
Immk—pMmmﬁameMHm:éi%ﬁ=x+y—2=0.
of

éx _=2x
o -2y

Gradients are shown in orange. objective function o

Finally, in blue - gradients functions-constraints o
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Obviously, if the projection of the gradient of the objective function onto the set of points
satisfying the constraint, not zero, then this is not an extremum and necessary the extremum

of 0g
ox ox
of og
condition is that the vectors are collinear % And O at many points
glx,y)=x+y-2=0
of g
ox _ 4 Ox
of = o
In other words, % % or, in vector form, grad f +Agradg =o , Where 4 —

some constant.
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Whence, due to the linearity property of the differentiation operation, it follows that there is a
function

L(x,y, )= f(x,y)+Ag(x,y)

in terms of which the necessary condition for the existence of a conditional extremum in this
problem takes the form:

oL

ox _ 0
oL ~ 0
oy
g(x,y)=0.



MULTIPLE INTEGRALS AND FIELD THEORY Umnov A.E., Umnov E.A.
Topic 03 Os. sem 2024/25 Mr.

2 2
In the problem under consideration L(x,p,A)==x" =y +A(x+y=2)
the necessary condition for an extremum has the form

This means that

-2x+A=0,
-2y+A=0,
x+y—-2=0.

The obvious solution to this system is a triple of numbers

X=1y=1,x=2 f==2
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Let's generalize this approach

For the task:

examine the function for extremum Jnxl,x,) (2)

under conditions: g (x,x.0 ,x,)=0 i=[lm].

we will assume that

o(x,,x,,0 ,x,)

m<n And a(glangX' agm)

Functions Jx M x,) And & (e, x,) - i=[1,m] — continuously differentiable.
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If we introduce the function Lagrange type:

Lx, %500 x40, 4,0 2, = f(x,x,,8 Lx,)+ D A,g,(x,x,,0 ,x,)

i=1
’

That necessary conditions for the extremum of the function JGx ko x,) , under conditions

g (x;,x,,0 ,x)=0 i=[lm].
will look like

oL }
o ol X 2.2 00.2,) =0 j=[L]
J

g'l(xl’x2’N "xn):() l:[19m]' (3)
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Let M Xl X, AL A0, satisfy (3). Then sufficient the extremum condition will have the

formulation
: d’L . : . :
If the quadratic form “x positive (negative) definite provided
dg;(x;, .0 ,x,) =0 i=[l,m] , then problem (3) at the point
x:,x;,N ,x;,ﬂ,r,),;,@ A

m has local minimum (maximum).
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IN E’ examine the function for extremum Y“(%:)>2) =X=Y+2z giyen

that X'+ +22° =16 .
1) The Lagrange function for this problem will be
L=x—y+2z+A(x>+y* +22z> —16) .

The conditions for its stationarity, together with the coupling equation, form the
system

oL = 1+2Ax =0,
ox

oL =-1+22y =0,
oy

oL _ 2+42z=0,
4

x>+ > +22° =16.
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X == V= y L =
If from the first three equations we express 22 22 22 and
2
12 + 12 + =16 A= il

substitute into the fourth, we get from 44~ 44~ 44 , What 4
2) We get two stationary points that are suspicious of an extremum:

1 x: =-2 . 1 *T 2

=" = 4y =2 )“:_4 = =2
4 Z* = _2 z = 2

And
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3) We check sufficient conditions. We find

2 2 2
L_y, OL_y, L
ox~ oy 0z~
o’L o’L _9’L
Ox0y 0x0z 0z0y

40

2 2 2 2
Where 9@ L=2A(dx)" +2A(dy)” +4A(dz)"  This quadratic form is positive
definite when 4 and is negative definite at 4

In addition, the equality must be satisfied 2xdx+2ydy +4zdz =0 fowever, the

last equality is signed definite @ *L will have no effect and can be ignored. So

1 x, =-2
A = 4 »= 2 f =-8
z, =2
! - point minimum
And
1 x,= 2
X;:_ y;=—2 fz*: 8
4 ;
z,= 2

....—.point maximum.
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Example 3. IN £’ examine the function for extremum
2 2

given that % +y =1
Solution: 1) Lagrange function in this problem

L=x"+xy+y> +A(x* +y* -1)

2) The conditions for its stationarity will be

oL =2x+y+2Ax=0
X
2424 =0
aL=x+2y+2/ly=0 ( Jx+y
oy or x+2+22)y=0
“4)

ot 2+24

det =

2) We have (by Cramer’s theorem) that if

13
Umnov E.A.

u(x,y) =x2 +xy+y2

1

2421 *0

5

2 2
That *=%=0  and this is obvious (due to ¥ +V = 1 ) is not a solution.

1
2424 1 2
det © ™" 519y =0 = 3

If 2 | then two cases are possible.
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P 1
3) l 2" in this case, due to (4)
(. 1
Xn = 75
*‘/‘1 —T1ouka D
Yu=- )
o = 1
1277 5
,\“/2 _
x+y=0 R C Touka C
xz +y2 :1 i y12 r\\",E

The Hessian matrix of the Lagrange function will have the form

2424 L1
1 2424 11

She positive semidefinite and further research is required here.

Here at the points C And D,
d’L = (dx)* + 2dxdy + (dy)* = (dx +dy)’

in this case the equality must be satisfied @+ ydy =0.

27 2
And since at these points * = > That ¥ =9  Means, d*L=4(dx)" 4nq dots
« 1

C And D — this minimum with 2
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4)

2=

2

b

in this case (due to (4))

=

x—-y=0
x*+y’ =1

The Hessian matrix here will look like
She negative semidefinite Here too additional research is required.

We have, at points 4 And B,

d’L = —(dx)* + 2dxdy —

Umnov E.A.

—To4yka B

2+ 24, 1
. =
1 2+ 24, 1

(dy)” =—(dx—dy)*

in this case the equality must be satisfied @+ ydy =0.

15

2 _ 2
And since at these points * = 7> That dx=-dy Means, d°L=-4(dx)" 4nq

*

f =

dots A And B— this maximum with

3
2 .
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2 2
Xt 4ay+y=

b | e
—

3 2
b B

—

{R]

Y

16



