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Heonpe,ue.neHHbIe nHTerpaJibl

B cayuae f(z) = F'(z) byukuusa f(x) nassiBaerca npouseodnol gymx-
yuetd om Ppynxyuu F(x), a byukuus F(x) — nepeoobpasnot dynryuet dasn
Pyrmryuu f(z).

Cootrromenue f(z) = F'(z) Bolpaxkaer IPOU3BOAHYIO Uepe3 LepBO0s-
Pa3HYI0, U €CTECTBEHHO BO3HUKAET BOIPOC O TOM, KAK BBIPA3UTDH MEPBO0D-
Pa3HyIo 9epe3 MPOU3BOIHYIO.

V1006HO BBECTH CIEIHAJbHOE 0003HAYEHUE IJIsT BCEX MEPBOOODPAZHBIX
dyukuun f(x).

Onpedenenue 2.2. COBOKYITHOCTB 6cex TepPBOOOPA3HBIX (DYHKIIWNA I
HeKOTOPOii byHkuuu f(x) Ha3bIBAETCS Heonpedeset-
HOLM UHMEZPALOM U ODO3HAUAETCST KAK

/f(x) dx .
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EcrecrBenno Bozuukaer Boupoc: Beeraa ju no dbopmyste i f(x) MoxK-
HO ocTpouTh hopmyny mis F(x)? U, eciim MOXKHO, TO KaK TO CIeJIATh!
Hanomunm, uro no dopmymne F(x) dopmyna mus f(x) mMoxer GbITh
nocrpoena Beerga. Ho Haobopor — «yBbI U ax!» OTBET Ha JAHHBIA BOIPOC,
BOOOIIE TOBOPS, OMPUUATMEALHBLL.
ITpumepamu dyuxnuit f(z), nepBoobpasHble [jisi KOTOPBIX HE BbIPa-
2 sinz 1

) )

JKAIOTCS Yepes3 djIeMeHTapHble (DYHKIMH, cirykar — e” Ty
x nx

Co0TBeTCTBEHHO uHTerpaJibl TUIIa

2 sinx dx
/ e’ dx , / dx —
T Inx

IIPUHATO Ha3bIBaThb <<He6epyH_H/Il\H/ICH>>.
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Bwmecre ¢ T€M, Ha/JI0 3aME€TUTb, 9YTO, IIOMUMO OY€BUJIHBIX COOTHOIIIEHU N
THUITa

/F’(x)dm:{F(x)+C’ vc},

B psijie MPAKTUYECKN BAXKHBIX CJIYIAEB BCE YK€ yIAaeTCd HAWTH (HOpMYILy
mist F'(x) no usecrnoii opmyiie jyis f(x). Obliiee 4ucio 3TuX CiIydaes
U3MEHSIETCS TBhICIIaMU U UX ONUCAHUE COCTABJSIET COJEPKAHUE BEChMA,
COJTUJTHBIX TI0 Pa3MepaM M YHUCJY CTPAHUI], CTPABOTHUKOB.

Jist Hammx 2Ke Tesieil BIoJiHE OyeT JOCTATOYHO KOJIJIEKITMH HEeOoIpe-
JIEJIEHHBIX HHTETPAJIOB, MIPEJICTABIEHHBIX B Tabsmiax 2.3a u 2.3b. D1u un-
Terpajbl B JaJbHeIeM Mbl OyJIeM Ha3bIBATH «TAOJIMIHBIMUS U CUATATD
X U3BECTHBIMU.
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Xorenoch ObI ere pa3 0OpaTUTh BHUMAHNUE HA CYIIECTBEHHOCTD IIPeI-
OJIOXKEHUsI O HempepbiBHOCTH QyHKIMH [ ().

Paccmorpum nonpobree geTsepTyio ¢hopmyty (OTMEYEHHYIO «3BE3704-
KOfi» ) B Tabuuie 2.3a. Moxkuo ybequrbes, 9To npuseieHnas hopMysia Jis
nepBoobpasuoii 3azaer we ece dyukuun F(x) takue, uro F'(z) = f(x).
Hampumep, ams yHnxun

| mx+C, ecim x> 0,

Fz) = In(—z) +Csy, ecom z <0

[IPOU3BOJHBIE KaK Jyid ciydasd x > 0, Tak n i © < 0 1IpecTaBisiioTcs

OHOH u TOit ke hopmyIIOit %, naxe, ecau Cp # Cs.

4
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HeticTBUTETHHO,

d (1 C 1
dne+C) 1 w0,
dx

x
d(In(—z) 4+ C 1
(In{~2) 2): (=1)=—, ecmm z<0.
dx (—x) x

1

Hemno B Tom, uro dbyHKuusa f(r) = — He sIBJIsIeTCsl HENPEPHIBHON: pU
x

2o = 0 oHa MMeeT PA3pPbIB, YTO W IPUBOJUT K HAPYIIEHHIO PABEHCTBA

(2.4.)

Bnpoqu, JJId IIPpaKTUKU 3TU HpO6.H€MbI HE ABJIAIOTCA CYIIECTBEHHBIM

1
orpannvenuem. CkaxeM, QyHKIuio f(z) = — MOXKHO PACCMaTPUBATH JIJIs
T

cayuaes ¢ > 0 u & < 0 He3aBucumo aApyr ot apyra. Torma dopmyma (2.4)
OyJeT BBIMIOJTHATHCS, IIOCKOJIBKY 3Ta (PYHKIUs HEIIPEPhIBHA KAaK JJIs BCEX
x > 0, Tak U s JIIOOBIX OTPUIATE/BHBIX 3HAYEHUI CBOErO apryMeHTa.
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f(x) [ fz)dx
10 2% a# —1 L +C
’ a+1
20 e.’L efL‘_"_C
al?
3° 1| a*, a>0,a#1 —+
Ina
1
4° - In|z| + C*
T
5° Ccos T sinx + C
6° sin x —cosx +C

Tabauma 2.3a
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f(x) J f(z)dz
7° ! inx 4+ C
—_— arcsin
V1— 122
8° ! Larcte 24 C 20
e _arctg — , €CIn a
1
9° —_— In|z+Vx2+a?|+C ,ecoma>0
Va2 + a? ’ ‘
x a? T
10° a? — 2 Ex/az—xQ—&—?arcsmf—i-C , ecam a > 0
a
2
x a
11° 2 — a? 5\/3:2—a2—?1n|x—|—\/372—(12|+C

Tabsmia 2.3b
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Crosib HEHOJIBINIOE YUCTIO «TADJIMIHBIX» WHTErPAJIOB OKA3bIBAETCS J0-
CTATOYHBIM [IJIsI PEIeHHsT 3HAMUTETLHOI0 9NCIa 33J1a, MOCKOJIbKY B Ha-
[IIeM PACIIOPSIXKEHUU UMEIOTCsI TaKXKe M (DOPMYJIbI, TO3BOJISIOIIIE 6viDa-
arcamo neonpedeneHmvle UHMe2pass, 00HUT GYHKUUT YePed unme2pans, om
dpyeux. dtn HOPMyIBI CBeeHbI B Tabmiy 2.4.

1 J(f@) +g(@)) de= [ f(z)de+ [ g(x)ds

22\ [(k-f(z))de=Fk- [ f(z)dz, vme k — const

320 [ (@) g(a)dx = f(z) - g(x) = [ f(x) - ¢ (z) dx

201 [ fg(@) - g'(x)dx = [ f(u)du , rae u=g()

Tabnuma 2.4
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Hammbre hopMysIbl HyK/IaI0TCS B J0KA3aTeIbCTBE, U /I IpuMepa, yoe-
JIIMCSI B CIIpaBeJInBOCTH (hOpMyJIbl 3°, 9acTO HA3BIBAEMO ITPABUIOM UH-
meepuposarus no wacmam. CornacHo nyHKTY 3° TabuIbl 2.2 1 omIpe/ie-
JIEHUIO MHTErpaJa

(@) - 9(2) = F'(z) - g(x) + f(z) - g/ () =
é,/ dx—/Xf@»mm+fu»yu»mré

= f@) 9@) = [ £@)g@)do+ [ f@)-g @)

MIOCKOJIbKY M3 PABEHCTBA (DYHKIIUN CJIEIyeT PABEHCTBO UX HEOIIPE]IEJIECH-
HBIX UHTErpajoB (HO He nepBoobpasubix!) 113 mocienHero cooTHONEHUs U
caenyer popMyJia HHTETPUPOBAHUS IO YACTSAM.

[ 1@ s@)de= 5@ g0 - [ 160

ITpasmio 4°, 9acTO HA3BIBAEMOE NPAGUAOM 3AMEHBE NEPEMEHHOT UH-
Me2puposarua, TaK¥Ke BIIOJHE OYEBUIHO, WOO IO OMPEEIeHHI0 IePBOTO
muddepennuana u3 pasencrsa u = g(x) caeayer du = ¢'(z) dx. 3ame-
TUM, 9TO JOCTATOYHO YacTo (0cobGenno, ecau pyHKIMs g(T) HE CIUITKOM
CJIOXKHA) TIPABUJIO 4° 3aIMCHIBAIOT B BUJIE

/ﬂmmwyquzfﬂmmmww».
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HpI/IMepr HaxX02KJeHusd NHTerpajioB

PaccmoTpuM nipuMepbl HaXOXKIeHIsT MTHTErPAJIOB, OCHOBAHHBIX Ha CJie-
AyIOIei cxeMe:

A) noapHTErpabHYI0 (DYHKIMIO JAHHOTO OIIPEJIEJEHHOIO UHTErPaJia

MPUBOJUM K BUJLY, YOOHOMY JIJjisi UCIIOJIb30BaHus TadauIl 2.3 u 2.4;

B) upu nomomu tabsmi 2.3 u 2.4 HAXOAUM HEOIIPEIeJICHHBIA HHTErPAJL.
(nn Kakyo-HUOYIb IEPBOOOPA3HYIO);

10
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Buauasie npomemoHCTpUpyeM KakK IPH [IOMONIH Tabsuibl 2.3, 3HAs
HeollpeJIe/IeHHbIIl MHTerpaJl f f(z)dx , moxHO mONYyUnTH hOpMYITY IS

[ flax + b)dz .

Ipumep 2.2. Tlycts Tpebyercst HaTH

/ cos(2z — T)dax

Pewenrue. 3amerum, uro B rabuutie 2.3a (dbopmysna 5°) umeercs TabanaHbII
HHTETrpaJI

/cosxdmzsin:v—i—C.

Bsenem HOBYyIO mepemennyio u = 2x — 7 , JiJis KOTOPOit UMeeM

du=d(2x —7)=d(2z) +d(=7) =2de+0=2dz = dr = —.

11
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Torma uckoMmblit wHTErpas npu nomoriu Tabiunsl 2.4 (dopmyna 2°)
HAXOJIUTCS CJIEAYIONIM 00pa3oM

du 1 1.
/cos(2x—7)dﬂc :/cosu? = i/cosudu: ismu—FC:

1
= isin(2x -7 +C.

C

Sal\leTbTe, 9YTO B OTBETE BMECTO

gamucano C — 3TO He oledaTKa.

IIpousBo/ibHAST KOHCTAHTA, JIeJI€HHAasi IIOI0JIaM, BCE PABHO OCTAETCS IIPO-
U3BOJILHOII KOHCTaHTOIA.

12
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IIpoBepbTe CAMOCTOSTENHHO, 9TO AHAJOIHIHBIM METOIOM MOYKHO, Ha-
IPUMeED, HOJIyIUTh (DOPMYIIBI

1 dz 1
Bu+l g, — — 3T+ 1 o /7:71 S5z +2|+C
/e T = ge + u o 12 5n|a:+ |+ C .

Hasee 3amMeTnM, 9T0, HECMOTPsI Ha, HEBO3MOXKHOCTH B OOIIIEM CJIyUae 3a-
[ACU UHTErpaJia B BUJE HEKOTOPOI 3JIeMeHTapHON (DYHKIIUN, UMEIOT MECTO
CJIydaun, KOT/Ia 9TO IPUHINIIHAIBHO 8ce20a 8biNOAHUMO.

K takum wmHTErpasam, B MEpBYIO OY€peib, OTHOCSTCS UHTErPAJbl OT
IpobHO-PaYUOHAALHULET PYHKIUN, TO €CTh (DYHKIHIL, IPEJICTABUMBIX B BU-
Jie JpoOu, YUCIUTE/Ib U 3HAMEHATE/Ib KOTOPBIX eCTh ajrebpandecKue MHO-
TOYJIEHBI, HAIIPUMED,

dz .

/ 2?4+ 4z +3
3 —3224+8x—6

13
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PaccmoTrpuMm  s1Ba  OCHOBHBIX METOJ@a HWHTEIPUPOBAHULA  JPOOHO-
paIoHaIbHBIX (DYHKIWI, B IIEPBOM U3 KOTODBIX V/IAETCS PA3JIOKHUTH
3HaAMeHaTe/ b Ha JIMHEHHbIE MHOXKUTEJIN.

Ipumep 2.3. Ilycre Tpebyercst HAWTH

/ (r —4)dx

22 —5r+6

Pewenue. Tlockonmbky 2 — 5z + 6 = (x — 2)(z — 3), To mompobyemM mpe-
CTaBUTD IOJBIHTErPAIBLHYIO (PYHKIUIO B BHIE

r—4 B A N B
22—5x+6 -2 x-—3’

rie A u B — HEKOTOpbIE YHC/Ia, 3HAYEHUsT KOTOPBIX HANeM U3 CJIeLyoreit
LIETIOYKU PaBEHCTB.

T —4 B A B B
x2—5x+6_x—2+x—3_

Az —3)—B(z—2) (A+ B)z— (3A+2B)

(r—2)(z—-3) 22 —5x 46

14
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CpaBHuBasi HAYAJIBLHOE U KOHEYHOE 3BEHbSI ITOH IIEMOYKH, JIETKO BU-
JIeTh, 9TO 3HaveHus dnces A u B (Ipu KOTOPBIX JTaHHbIE DABEHCTBA BEPHBI
[IPU BCEX Z) SIBJISIFOTCSI PEIIEHNeM CUCTEMBI JIMHEHHBIX ypaBHEHUH

A+ B =1 N A = 2
3A + 2B = 4 B = -1

Teneps, ucnonp3yst Tadaumel 2.3 u 2.4, nosryyaeMm
(x—4)dz 2 1
22 —-5r+6 x—2 x-—3

o [ W -2 -3+ C=m E o
= /x72_/z73_ nlez—2—Inlz— 3|+ —n|x73|+ .

BaMeTI/II\fI, Y9TO 93TOT aJI'OPUTM HHOTJa HA3BIBAIOT «METOIOM PA3JIOZKEHUA
Ha IIpOCTefIIIIHe MHOZKUTEeJIN».

Q.
S}
I
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Cueryrorue JiBa mpuMepa MOKa3bIBAIOT KaK MOXKHO JefCTBOBATD B CJIy-
Jae, KOrJ|a 3HaMeHATeNb JPOOHO-PANOHAJIBHON (DYHKIINU HE yIaeTCs pa3-
JIOKUTH Ha JIMHENHbIe MHOXKHUTEIH.

Ipumep 2.4. Haiiru nuarerpas

/ dx
244"

Pewenue. TTo dopmyne 2° (u3 tabauipl 2.4) BBIIOJIHUAM CJIEIYIONIHE MIPe-
00pa3oBaHus COOTBETCTBYIONIETO HEOIPEIEJEHHOIO HHTErPAJIa

dzx

2

/ dx _ 1 / dzx B 1 / 9 B
24+4 4 " 2 2 r 2
1+ 1+
2
Teneps ucrnonbzyem onpejenenne quddepennuaia u npaBuio 4° u3 tabd-

T
JUIEI 2.4, canTas u = — .

2

3aKJII0UATEIbHOE PABEHCTBO cjemyeT u3 dhopmyssl 8° Tabuer 2.4.

16
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Ipumep 2.5. Haiitu

22+x+1
—dzx .
2 4+1

22+z+1 T
= + ,
2 +1 2 4+1

Pewenue. Ilockompky

TO IPUMEHSIST TTOC/Ie10BaTEbHO hopMyJibl 1° u 4° Tabymnpt 2.4, mosydnm

/x2+x+1d_/ 14 T dr — / T do —
2 +1 v 241 T=Tt 2 +1 T

1 [ d(z?) 1 [d(z?+1) 1
_ - — S B Sl R —Inl|z?2+1|+C.
x+2/x2+1 x+2/ 2+ 1 7+ glnfe® + 1 +

31ech, TIpH UCTIOMB30BaHAH 4° MBI TIoJaram u = 2 + 1, OTKy/ia CJeiytoT
pasenctia i uddepentmanos: d(x? + 1) = d(z?) = 2x dx .

17
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Wnorma B mporiecce MHTErPUPOBAHUST OKA3BIBAETCs M MEKTUBHBIM OJ1-
HOBPEMEHHOE UCITOJIb30BAHNE PA3IMIHBIX CBOMCTB HEOIPEIEJICHHOTO MHTEe-
rpaJia, IpPUBOIUMBIX B TadmIe 2.4.

IIpumep 2.6. Haittu
/ (Vz+1)3dx .

Pewenue. Ilo dopmynam 1° u 2° B Tabsure 6.2.2, BbIpazKaronuM HeoIpe-
JIeJIEHHBII WHTErpaJjl OT CyMMbI (DYHKIIHI 9epe3 HHTErPAJIBI OT CJIAraeMBbIX,
U UCIOJb3YsT (POPMYIY «KyO CYMMBI ABYX UHCEIT», ITOTYIAEM

Jwrspae = [ (o + 3P+ sva 1) do =

:/(\/§)3daz+3/(\/§)2daz+3/\/Eda:+/l-dac:

Teneps ucnosibzyem mnepByo GopMyiry TaOIUIbl 2.3 U IpaBuiIa AefCTBUML
CO CTEIeHSIMU C JIPOOHBIM TTOKA3aTEJIEM.

18

2 3
= /m3/2 dx + 3/33 dx + 3/331/2 dx + /1- dx = 5x5/2+§x2+2x3/2+x+0.
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Ipumep 2.7. Haiitu

/x-cosxdaz.

Pewerue. lnsa HaxoxK1eHNsT HEOIIPEIEIEHHOTO UHTErPAJIa IPUMEHUM IIPa-
BUJIO UHTETPUPOBAHUS IO YaCTIM, TO €cTh dhopmyiry 3° u3 Tabiursr 2.4.
Bynem nonarars, uro f(x) = sinz, a g(z) = x. Torga coorsercTByrommii
HEOIIPEIeJIEHHBIN MHTErPAJI MOYKHO [IPE0OPA30BATH CJIELYIONUM 00Pa30M.

/ac ccosxdr = /x (sinz) dr =z -sinz — /(x)’ ssinzdr =
IMockosbky (x)" = 1, no mecroit dpopmysie Tabiaunst 2.3 mosrydaem

:x~sinx—/sinxdm =z -sinz— (—cosz)+C =z -sinx+cosz+C .
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Ipumep 2.8. Haiitu

/arctgw dx .

Pewenue. TIpumennm dopmyiry 3° unmezpuposanus no 4acmsam, UCIOIb-
3ys paBeHcrso (z) =1,

1
/arctgazdm :/1-arctgxdx :xarctgm—/x-ﬁd:c =
1+2

zareM — dopmyiry 4° Tabiunsr 2.4, 9To ¢ yueroMm u = x2 aer
yry > y

_ + 1/ d(xQ) _ . 11 (1+ 2)—|—C
= rarctgx B 1+1’2 = T arctgx 211 X .

20
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B 3zaBepiiienne o630pa mnpuBesieM MpuMep, B KOTOPOM OKa3bIBAETCS Iie-
J1eCOOOPA3HBIM J8YKpamMHOe NCIOIBL30BAHIE [IPABIIA UHTEIPUPOBAHUS 110
qaCTsM.

Ipumep 2.9. Haiiru

/e”” sinxz dz .

Pewenue. IlpumenuB unmezpuposanus no 4acmanm, MOy IUM

/em sinzdx =e"(—cosx) — /eI(— cosz)dx ,
TO €CTh BBIPAKEHUE COJIEPIKAIee WHTErPaJI, KOTOPBLIH HUYIYThH HE IPOIIE

HMCXOJHOTO. O,D;HaKO IIOBTOPHOE MHTEI'PUPOBAHUE II0 JaCTAM JaeT COOTHO-
IeHue

/e“’ sinzdr = —e®cosz + e”sinx — /eI sinzdx ,
73 KOTOPOTO CJIEJTyeT

2-/exsinmdx = —€"cosz+e*sinz+C =

1
= /e””sinscdx = iew(sinxfcosx)JrC.
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