Bsexa. B MATEM. AHAJIN3 VYwuos A.E., Vumos E.A. TemaO4 2025/26

IIpeaBapureabHble 3aMeYaHUAd
K BBeJIEHHIO B MaTeMaTUYeCKNii aHAJJIN3

B coBpeMeHHBIX MaTeMATHIECKHX TEKCTAX JOIYCKAIOTCSI HEKOTOpbIE
CTaHIAPTHBIE 0O03HAYEHNUS, HEIACTO BCTPEYAIONTUECH B IIOCOOUAX, UCIOJIb-
3yeMbIX DU U3yYEHUH MATEMATHKHU B CpeHedl mKkose. PaccMoTpuM HEKO-
TOpBIE U3 HUX.

CuMBOJIBI OOIITHOCTH, CYIIIECTBOBAHUS U JIOTUYECKON CBA3U

Haunbosiee pacupocrpateHHble CHelUaJIbHbIe CAMBOJIBI (X UHOTJA Ha-
3BIBAIOT KE6AHMOPAMU) IIPUBEIECHBI B CJIEAYIOMIEH Tabiuie:

CHMBOIJT 3HAYEHVE
v JUIST BCEX, JIJIsI JIIOOOTO
3 Hal{IeTCs, CyIIECTBYET
3! HalIeTCsT M TPUTOM €IMHCTBEHHBIM 00pa3oM
TAKOEe 9TO
— UMeeT MeCTO, BEPHO, IIPU KOTOPOM

Hampumep ¢ ux mOMOIIBIO OIpeieieHe OrPAHNIEHHON 9HUCIOBOI 10~
cJIeJ0BaTEeJIbHOCTHU:

[IOCJIE/JOBATEIBHOCTD {Ty, } HA3BIBAETCH OTPAHUYEHHOM, ecanm Haii-
Jiercs HeorpuijaTeabaoe unciio C' takoe, 9TO Jyist JI060r0 HOMEpa
n OyJeT BBIIOJIHEHO HepaBeHCTBO |x,| < C,

MOZKeT ObITH 3aIlMCAHO TaK:

MOCTIEZIOBATEIBHOCTD {2y, } HA3BIBAETCSl OMPAHWIEHHOMN, ecin

AC:C>0—VYn |z, <C.



Bsexa. B MATEM. AHAJIN3 VYwuos A.E., Vumos E.A. TemaO4 2025/26

CuMBOJIBI CyYMMUPOBaHUA U1 YMHOXXKE€HUA

Ecim HeO6XOILI/II\10 3alliCaThb BbIpazKeHue Jijid CyMMbI, B KOTOpOfI qHUC-
JIO CJIaraeMbIX IIPOU3BOJIBHO, U IIPU 3TOM U3BECTHO KaK 3aBUCHUT BEJIMYINHAaA
KazKJI0oro cJjaraemMoro oT ero HoMepa, ToO MOXKHO HCIIOJIb30BaTb CIIeIHuaJIb-

n

HBIl CUMBOJI CyMMUPOBaHUs Y | 4k, yKa3aB OOIMil BUJ C1araeMoro u Jiua-

k=1
[1a30H M3MEHEHNs MHIEKCA CyMMUPOBAHMUSI.
MoKHO cIUTATh, 9TO STOT CHMBOJI 3aMEHSET CJIOBA “‘CyMMa, CJIara€MbIX
BUIA aj 1o k B mpeaenax ot 1 go n 7.

Hanpumep, Opu HOMOIIH 9TOTO CHMBOJIA CyMMa
sinl +sin2+sin3 + - +sin(n — 1) +sinn
3aIMCHIBACTCA KAk
n
E sin k,
k=1
a CyMMa

1-2 2-3 3-4 m=2)n—=1) (n—1)n

IIpeJCTaB/IdeTCAd B BUJ/IE
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Amnajiornuno, ¢popmysia 6uHOMa HbI0TOHA € TIOMOIIBIO CUMBOJI& CyMMU-
POBAHUSI MOYKET OBITh 3alNCAHA KaK

(a+b)" = Z CFan=FpF,
k=0

Hampumep, pu n = 4
(a+b)* = a* + 4a®b + 6a%b* + 4ab® + b*.

[Too6ubIi BUT 3aIUCH CYIIECTBYET U JIJIsS OIEpaIun ymHoscerus. Ha-
[IpUMep, PaBEHCTBO
1-2-3-...-n=n!

MO>KHO 3alliCaThb B BHE

ﬁk:n!.
k=1
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Jis myuTIocTpanu IPUBEJIEM CJIEIYIONINE, UCIIOIb3yeMble IIPHU pelle-
HUU MHOTUX 33724, (DOPMYIIbI

1)
14+2+3+--+(n—1) Jrn—Z:k—L
+1)(2n+1)
1249221324 —1)? Y g :
+22 4 +(n +n? Z :
1
P+ 433 4. 4 (n—17>+nd —Zk?’ n+ n(n+1)° ;
n+2)a | na
n sin ————-sin —
sina+sin2a+sin3a+-~-+sinna:Zsinak: 2 2 .
«
k=1 sin —
2

()TMGTI/IM7 9TO U3 ITUX COOTHOIIEHU cieayer JIIOOOIIBITHOE PaBE€HCTBO

n n 2
Z K = (Z k) .
k=1 k=1
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IlonesHblie HepaBeHCTBa

Jljtst JIFOOBIX JIBYX HEOTPHUIATEBHBIX YHCENI ¢ U b BEPHO HEPaGEHCME0

Kowu b
2> Vab,

KOTOPO€e WHOI/Ia WCIIOJIb3yeTcs B cieidyiomeil dopme: s JIIOOBIX ABYX
BENIECTBEHHBIX YUCEJ T U Y CHPABEJINBO COOTHOIIIEHUE

2 +y? > 20ay| .

Hepagencro Kormu BeprO u mjist G0/IBINEro UucCIa HEOTPULIATETBHBIX
quceJL:

a+ax+as+...+ap—1+ay

> Yajazaz - a,_1a, .
n

OTI\’IGTI/IM, 9TO C IIOMOIIbIO CHUMBOJIOB CYMMHUPOBaHHA WM YMHOXKEHUA II0-
cjieagHaee COOTHOICHHE MOXKHO 3alliucaTh KaK

B 6oabmrom wmcesre mpUKIAAHBIX 33029 HEOOXOAWMBIE OIEHKHA MOTYT
OBITH TTOJTyYEeHBI TIPU TIOMOIIHN, BBITEKAIONEero u3 (popmyabl 6unoma Hbro-
ToHA U BepHoro Vx u Ya > —1, nepasencmea Bepryaru

(1+a)*>14za.



Bsexa. B MATEM. AHAJIN3 VYwuos A.E., Vumos E.A. TemaO4 2025/26

3aMevyaHUs O POJIM TOYHOCTU OIpeaesieHUuil u (bOopMYyJINPOBOK

B mportecce nzytennsi MaTeMaTUKH CJaeyeT obparaTh ocoboe BHIMA-
HUE Ha TOJIHOTY U TOYHOCTh onpedeseruti, hopMYysuposor meopem u onu-
canus ceoticms. Henomycrnma Kak n36bITOYHOCTD (U3JIUIIHSAST MHOTOCIOB-
HOCTb) HOMOOHBIX JIEKCEM, TaK W II0Teps KaKux-iubo ux jeraseil.

[IpoummiocTpupyeM 3TO C/I€IYIOMUMA TPUMEPAMH.

1°. Apupmemuneckuti keadpammuili KOpeHb.

Kak 310 yke OBLIO OTMEYEHO, IO OINPEIEJICHUI0 APUPMETHIECCKOTO
KBaJ[PATHOTO KOPHSI CYUTAETCS, UTO \/ai2 = |a|. MoxeT BO3HUKHYTbH
soupoc: “He mpote i mos10kuthb, aro Va2 = a ?”
Yro 6B TOKA3aTh HEKOPPEKTHOCTH TAKOTO OIPEIEJIEHUsI, PACCMOTPUM
CJIEITYTOIIYIO IENOYKY ITPeoOpa30BaHMIl:

TSt A1000T Napv, TUCeT T W Y OYIYyT BEPHBIMU PABEHCTBA

2% — 2xy + 9% = y? — 2yx + 22,
Y
(z—y)?=(y—2)?

Vie—y)?=/(y-2)

Eciu Teneps IpuUMEHHTH ompejenenue Buaa Va? = a, TO MBI
HOJIY IUM

r—Yy=y—x = r =1,

YTO OYEBUHO HEBEPHO. B TO BpeMsi KaK UCIIOIb30BaHUE OLpeJie-
jenus Va? = |a| maer

|z —y| = |y — 2| = 0=0,

YTO BEPHO JJIsl JIIO0OU Haphl YUCEN X U Y.
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2°. Ckoavko KopHel mootcem umems Keadpammoe ypashenue?

Paccmorpum tpu corepyromux yreepxkaenust A), B) u C):
A) VYpasnenue azx? + bz + ¢ = 0 — KBaIpaTHOE.
B) KsaspaTHoe paBHEHNE HE MOKET MMETh GoJiee IBYyX KOPHEN.
C) Jgst mr00BIX, TIONAPHO HEPABHBIX YHCEN , [ U Y yPaBHEHHE

@-)@-p) (=-fl-1)  (@-y-a
(Y—a)(y=8) (a=PBla=v) B-NB-a)

MOXKeT OBbITH IIPUBEJIEHO K BUjy A) M IpH 9TOM OHO MMeeT
TPU Pa3IMYIHBbIX KODHS T1 = v, Ty = 3, T3 = 7.

OueBnsiHo, uTo yrBepKAeHus A), B) u C) npoTuBOpeunssl B CBOI COBO-
KymnHOCTH. lHAYWe TOBOPSI, OJHO M3 HUX OMMOOYHOE U, HA MEPBBIN B3IJISI,
nanbosibiue comuenus Bbi3biBaer yreepxkienue C). Oxuako, oHo Ha ca-
MOM JIeJie BEpHOe, a OIInbKa cojepkurcs B yreepxkaeruu A). Teso B ToMm,
YTO KBaJpPATHBIM Ha3bIBaeTcs ypasHenme ax’ +br +c =0 a # 0. U
MMEHHO JIJIsl HETO BEPHO yTBEpXKIeHne B).

B namenm ke ciaydae, ecm npusectu ypasaenue C) K BUILY, YKA3AHHOMY
B yTBepKaeHNN A), Ko3dbdunmenT npu r2 oKaxKeTcs paBHBIM HYJIIO.

Boasee Toro, aro ypaBuenue npumet Bu 1 = 1, TO eCTh ABJISIETCS MOIHC-
decmeom — BEPHBIM DABEHCTBOM IIPU JIIOOOM 3HAYEHUH T (B TOM YHCIIE U
upu r; = o, T2 = B, r3 = 7).
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3°. Mootcho AU npouseosbHO 2PYnNUpPosaAmsd CAAZAEMDLE 6 CYMMe?

Kazamocs 661 acconmaTrBHOCTD ONEPAITUU CJIOKEHUS JJIs IUCET 03~
BOJISIET JIATH MOJIOKUTEILHBIM OTBET Ha JAHHBI Bompoc. OHAKO 3TO
BEPHO JIUIIb JJISI CYMM C KOHEYHbLM YUCIIOM cJaraeMbiX. Kcmm umc-
JIO cJIaraeMbIX B CyMMe He OIPaHUYEHO, TO BO3MOXKHO BO3SHMKHOBEHUE
CUTyaIuu TOI00HOM CJIe Ty OMIeii.

Corynacumcst “Ha Bepy” € yTBEPXKJIEHUEM, 9TO CyMMa HEOI'PDAHUIEHHOTO
quc/ia HyJleil paBHA HYJII0, I PACCMOTPUM CYMMY BHJA

A=142-34+1+2-3+14+2-34+142-3+1+2-3+...
CrpynnmupoBaB Cjiara€Mble CHadaJIa KakK
A=1+42-3)+(1+2-3)+(1+2-3)+(1+2-3)+(1+2-3)+...

IpuJeM K 3akiouernto, 9To A = 0, TOCKOIBKY KayKJasi CYMMa B CKOO-
Kax jaer HoJib. OJIHAKO, IIPU JPYTOM CIIOCODE I'PYIIUPOBKU

A=1+2-3+1)+(2-34+1)+(2-3+1)+2-3+1)+(2—3+...

noJIyvaeM A = 1. Yro ozmagaer HEIIPUMEHHUMOCTBb COYeTaTeJIbHOT'O
opaBujia JJId CyMM C HE02PAHUYEHHIM TUCJIIOM CJIaracMbIX.

Tlocneqauii mpuMep HAISIHO JEMOHCTPUPYET, 9TO C “OeCKOHETHO-
CTBIO” HEJb3s OMEPUPOBATH KAK C OOBIIHBIM dncjioM. CTOUT TakKe OTMe-
TUTH, 9TO METOJOJOINIECKU aHAJOTUIHBIE TIPOOIEMbI MOT'YT BO3HUKHYTH U
B CJaydYae TMOJMEHbI TOHATHN “OTCYTCTBHE ONMPEAEIEHHOCTH U “‘CyIIeCTBO-
BaHUE BEPOSITHOCTH , KOTOPasl HEPEJIKO JIOIYCKAETCs IIPU PACCYKIEHUSIX
Ha WHTYWUTHUBHOM YPOBHE.
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(I)yHKHI/IOHaJ'IbHLIe 3aBUCHUMOCTHA

Ha mpakTuke TOCTATOYHO YACTO MPUXOJIUTCI UMETH JIEJI0 C TaK HA3BI-
BaEMBIMU NEPEMEHHDIMY BEAUNUHAMU, TO €CTh, YACIOBBIMU XapaKTEPUCTU-
KaM#, MOTYIIUME [IPUHAMATH PA3JIUYHble 3HAUEHUs. TaKne KOJTMIeCTBEH-
Hble XapaKTEePUCTUKHU IIPUHATO HA3LIBATH IIPOCTO NePEMEHHHIMU.

Hampuwmep, s onmcanus KOHKPETHOTO Y€TOBEKA MOYKHO HCIIOJIB30-
BaTh IIEpEeMeHHbIE: BO3PACT, POCT, Bec, KoadduimeHT nareuiekta [Q u ..
IIpu sTOM HEpeKO OKA3BIBAETCS, UYTO 3HAUEHUS OJHON MEPEMEHHOU MOTYT
OBITH CBSI3aHBI CO 3HAYEHUsIMU pyroit. CKaxkeM, BeC 4eJIOBEKa 3aBUCUT OT
€ro pocra, pocT — OT BO3PACTa, OOMEHHBIN KypPC BAJIOTHI — OT BPEMEHU U
T.JI.

B mekoTopbIx, BOOOIE TOBOPs, JOBOJILHO HE YAaCTHIX, CIyUasTX 3aBU-
CUMOCTB OJIHOI [TePEMEHHON BEJIMINHBI OT JPYTOil OKA3bIBAETCS 00H03HA -
1ol, TO €CThb IS KaXKJIOI'o JIOIyCTUMOI'O 3HAa4YeHUsd BTOPOI IlepeMeHHOMI
3HaYEHNe MEPBOl CyIIeCTBYeT u eauncTBeHHOo. Hampumep, mromaas Kpy-
ra OJIHO3HAYHO 3aBUCHUT OT €ro PaJuyca, BO3PACT 4eJIOBEKa UMeeT eIuH-
CTBEHHOE 3HAYEHHE B KazK/IbIil MOMEHT BPEMEHH, MACcCa OJIHOPOJIHOTO TeJIa
OJIHO3HAYTHO OIPEJIEIISIETCS €0 0ObEMOM.
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Onpenenenne QyHKIINN

3aBUCUMOCTH MEXKJly II€PEeMEHHBIMH BeJMIuHaMU, O0JIaJIarolme Ta-
KAMHU CBONCTBAMH, IPUHATO HA3BIBATD (PYHKUUOHAALHLMY TIIA, TTPOCTO,
dyurmusivMu. OHU SBJIAIOTCS OOBEKTOM U3YYEHUsI B MATEMATHIECKOM aHa~
Jm3e — pazjiesie Kypca BBICIIEl MaTeMaTUKU, U UI'PAIOT Ba*KHYIO POJIb B
6OJILIIIOM YHCJIE TEOPETHIECKUX U IPUKJIAIHBIX JTUACITUIIINH.

Onpegzenernue 1.1. Bymem roBoputhb, 4To 3ajaHa GyHKUyuA, €CIH yKa3a-
HO IIPaBUJIO, 10 KOTOPOMY KaXKJOMY YUCIY T, IIPU-
HaJJTEZKAINEMY YHUCJIOBOMY MHOXKECTBY X, TOCTaBJIEHO
B COOTBETCTBIE €TUHCTBEHHOE NCJIO Y, IPIHA/IJIEKa-
IIEMY YHUCJIOBOMY MHOXKECTBY Y .

MHozkecTBO X TPUHSITO HA3BIBATH 004aCMBI0 onpedenerus DYHKINH,
a MHOXKeCTBO Y - obaacmvio ee 3uauerut. Camy QpyHKIUIO TPUHITO 000-
3HAYATH

y=f(z) zeX, yeY.

Hakomnern, x - He3aBuCcuMas IepeMeHHAsi, HA3BIBAETCS GP2YMEHIMOM, & Y -
3aBUCUMAs IIEPEMEHHAS, 3HAYeHUEM

10
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y=1@)

Mpasuno

COOFISER CHISLLA

Obnacme

@]
ORpECele A OB

IHAUSHUI

Puc. 1. Onpenenenne GbyHKIMOHATBEHON 3aBUCUMOCTH

Cxemarniaeckn (PyHKIIMOHATIBLHYIO 3aBHCAMOCTH MOXKHO IPEJICTABUTD
KaK OOBEKT COCTOSAIINN M3 TPEX KOMIIOHEHTOB: 0DJIACTH OIIpPEIeIeHusT, 00-
JIACTU 3HAYEHWI U MPAaBUJIA, IT0 KOTOPOMY KaXKJIOMY UUCJIY U3 MHOXKECTBA
OTIpe/JIeJIeHNUs] TIOCTABJICHO B COOTBETCTBUE €IMHCTBEHHOE YUCIIO U3 00IaCTH
sHavenuii (cM. puc. 1).

Kak obsracth ompejesienns, Tak U 00/JaCThb 3HAYEHUST — DTO UUCIIO-
Bble MHOXKECTBa. [[paBujIO COOTBETCTBUST MOXKET UMETh PA3JINIHbIE (DOPMBI
[IpEeJICTaBICHUs: B BHJIe TabJIUIbI, MaTeMaTHIecKoil dhopMysbl, rpaduka
WK SBJATHCS PEIIEHUEM HEKOTOPOH 3aa4u (CKazKeM, KAKOro-TO ypaBHe-
nus). Hakownerr, 910 npaBusio Moxker GbITh IIPOCTO OIMKCAHO CJIOBECHO.

11
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Cremyer mMerh B BHIY, 9TO (DYHKIIUIO JOCTATOYHO YACTO 33IAI0T
MoALKO POPMYA0TL, CBI3BIBAIOIIEH 3HAYEHNE C apTYMEHTOM. B 1aHHOM city-
qae npednosazaemcs, ITo OOJIACTBIO OIPEJIEJICHUS SABJISETCS MHOYKECTBO
qUCeJI, /I KOTOPBIX BBIITOJTHIMBI BCE UCIIOJIb30BAHHBIE B 3AIIMCH TOi hop-
MyJIbl Omepanun. 3a 00JIaCTb Ke 3HAYEHUN MPUHUMAETCS COBOKYITHOCTD
BCET YUCEA, SABISIIONNXCS 3HAYCHUSAME XOTs ObI JIJIsi OJTHOTO U3 apryMeH-
TOB.

B cooTrBeTcTBUU C 3THM COrJIalll€eHUEM, MOYXKHO CKa3aTh, YTO OOJIACTH

omnpe/iesenns X, HApuMep, QYHKIMA Y = 4 /& — 3 , COCTABJIAIOT BCe Jeii-
CTBUTEJIbHBIE UNCJIA HE MEHBIINE, YeM 3, TOCKOJIbKY U3BJIC€Yb apudMeTu-
YecKUi KBa/JIpaTHBI KOPEHb MOXKHO TOJIBKO U3 HEOTPUIATEJIHLHOIO YUCIIA.
MmuoxkecTBO 3HaUeHU Y COJEP:KUT BCe HEOTpHUIaTe bHble uncia. CuMBoO-
JIMTYECKH 3TO MOXKHO 3aIUCaTh B BUJIE:

X :{vz >3}, Y :{vy >0} AT 2Ke X :{[3,+00)}, Y : {[0, +00)}.

12
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3ameTuM, 9TO 3ajad9a MOCTPOEHHsT 0DJIACTH ONpEeJesIeHusT U 00IacTh
3HAYEHUIl He BCerJja OKa3bIBAETCs CTOJIb TpUBUaJILHON. [IpounsmocTpupyem
9TO CJEYIONIUME TPUMEDPAMU.

Mpumep 1.1. Haiitu obsacTp onpe/iesienus u 00JaCTb 3HAMEHMI J1JIs1 (DyHK-

bisiese a)y =4/ 72$j3 .

1) Hadidem obaacmo onpedenerus:

2z 43 r < ——
PeINB HEPABEHCTBO — - > 0, nosyanm - 2’ TO eCcTb,
T —
Tz > 2,
3
OKOHYATEJIHHO, X: —00,—3 U (2, +oo) , MOCKOJIbKY 13-

BJIeYEHME KBaJIPATHOI'O KOPHSI BO3MOXKHO TOJIBKO M3 HEOTPUIIATE]b-
HOTO YHCJIA.

OTMmeTnM TakzKe, YTO YUCJIO 2 He TPUHAJIEKUAT OOJACTHA Ompeeie-
HUsI, TIOCKOJIBKY TIPY TAKOM 3HAYEHUH T 3HAMEHATEb MOJKOPEHHOTO
BBhIpaxkenus obparurcs B 0.

13
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Obaacmsv 3navenul:

20+ 3
-2

KaK YPaBHEHUE C HEUSBECTIHbIM T U NAPAMEMPOM Y . BBISCHUM, 1ipn

KAKAX 3HAYEHHUAX Y CYIIECTBYET T — BEIIECTBEHHBIH KOPEHb 3TOrO

yPABHEHUSI.

9TOOBI HAMTH 00JIACTh 3HAYEHUIT, pACCMOTPUM (POPMYITY Y =

2y? + 3
Hecioxxnnie BBIKJIQJIKW IIPUBOJAT K r= —FF—
Y227

CYIIECTBOBAHNE BEIECTBEHHOIO X MPU JIIOOBIX Y # +v/2.
TOU CT HbI, SHa4Y€HN HKIIUN B MaTpHUBa€eMOM ITpHUMeE-
C OM CTOPO , SBHaYCHHEe aCCMa aeMoO e
pe dBJideTcd apI/I(l)l\/IeTI/I‘-IeCKI/II\/I KBaJpaTHBIM KOpHEM U, SHaAYUT, HEOT-
pUunIaTeJIbHO. O6’be,HI/IHI/IB HaﬁﬂeHHbIe OrpaHnYeHrd Ha BEJIUYIUHY VY ,

IIOJIyIHUM, 9TO . {[O’ \/5) U (\@7 Jroo)}

YTO O3Ha4daeT
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1
6) y=z+ -
X

Obaacmyv onpedeserus:
ouesnyHO X : {Vz # 0} num, uro 1o ke camoe, {(—o0,0) J(0, +00)}.

Obaacmov 3naveru:
ommcaHue 00JACTA 3HAYEHUN MAHHOU (DYHKIMH HOJyIUM B JBa Jefi-
crBusi. CHadasia paccmorpum ciaydait « > 0. [l Jio0bIX TOJI0XKHA-
TEJIbHBIX X OyJIeT CIpaBejInBO HEPABEHCTBO

2
1 1 1 1
(f—) ZO,I/IJH/I(x—Q\/JE—i—)zO,OTKyAa T+= > 2.
T T T

v v

s caygas x < 0 oreHky 0obJ1acTi 3HAYEHUI MOXKHO OJIYIUTH, BOC-

(=)

1 1
[OJIH30BABIIKCH PABEHCTBOM (—x)+-—— = — | © + — | , u3 KoTOporo
x

B CHJIy HEpaBEHCTBa

1 1
r+-—>2 V>0 nMeeM r+-—-<-2 Vr<0.
T T

OKOHUATEJHLHO MOJIyYaeM, 9To 06JIaCThIO 3HAYEeHU JaHHOM dyHKINN
siBysiercst MEOXKecTBO Y & {(—00,—2] J [2,4+00)} .

15
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_ 2%+ 2r 41
2+ 3z +2

Obaacms onpedesenus:
HAXOJIATCSI U3 yCJIOBUSI

B) y

T #£ =2
x # —1,

ITOCKOJIbKY 3HAMEHATe/Ib JIPOOU He MOYKeT IIPUHUMATH HYJIeBbIX 3HAUE-
Huii. JIpyrux orpaHudeHuii Ha BBIYUC/IEHUE 3HAYEHUI (DYHKIUU HET,
IO9TOMY O0JIACTH OIPee/IeHus Oy 1eT

X {(—oo, -2) | J (2.1 | (—1,+oo)}.

Obaracms 3navenu:
0o0JIaCTh 3HAYEHUN JAHHOW (PYHKIUN YI0OHO HAXOINUTH, WUCIOIL3YS
TOT (HAKT, ITO ee 0OJIACTH OIpEIe/IeHUs 00Pa3yeTCsl MPOU3BOJIHLHBIMEI
BEIeCTBEHHBIME YnCIaMu (33 uckiodeHneM —2 u —1.)

> +3c+24£0 & [
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202 + 2z +1

Pacemorpum dhopmyy y = —5 5. 5 KAK ypaBHEHHE C Hem3-
x?+3x+2

BECTHON & W PEIUM €ro, CINTas Y HEKOTOPHIM (PUKCHPOBAHHBIM ITa-

paMeTpoM.
s sToro mpeobpasyeM JaHHOE PABEHCTBO K BU/LY, CTAHIAPTHOMY
JJ1s KBaJIPaTHBIX ypPaBHEHUN

(y—2)22 + By -2z +(2y—1)=0, (1.1)

KOPHH KOTOPOI'O OIPEJIEJISIOTCS 10 XOPOINO W3BECTHON opmysie
- (By—-2£VvD

Tio = 2 —2) Yy # 2, Tr/Ae JUCKPUMHUHAHT KBaJIPAT-

noro ypasuernus (1.1) ectb D = 3y —2)2 —4(y — 2)(2y — 1).

YcoBue CymecTBOBaHUsT BENMIECTBEHHBIX 3HaUeHwit © Oymer D > 0,

WK, B HAIIIEM CJIy4ae,

By—2?2-4ly-2)2y-1) =y’ +8y-4>0 &

s ye { (—o00, —2v/5 — 4] U[Q\/5—4,+oo)} .

Wnade roBopsi, © MOXKET MPUHUMATH BEIIECTBEHHBIE 3HAYEHUSI JIUIIH
60 mpn y < —2v/5 — 4 ~ —8.4, mbo npu y > 2v/5 — 4 ~ 0.4 . Cie-
JIOBaTEeIbHO, 00JIACTh 3HAYEHUN JaHHON (YHKINNU 0Opa3yIoT UHC/Ia
Y, YJIOBJIETBOPSIIOIIKE JIMOO IIEPBOMY, JINOO BTOPOMY U3 IIOJIYYEHHBIX
HEPABEHCTB U He paBHBIE 2.
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Hakomer; 3ameTnM, 9T0, XOTS IPUBEIEHHBIE PACCYXKIEHUS HE IIPIMe-
HUMBI 7151 iy = 2, ubo B 9TOM ciay4dae ypaprenue (1.1) He KBaapaTHOe,
a jmHeitnoe — Buna 4x + 3 = 0, TeM He MeHee YHUCJIO 2 MPUHAJICIKUT
00JIaCTH 3HAYEHUU, MOCKOJIBKY y 3TOrO JIMHEWHOTO ypaBHEHUs MMe-

3

€TCsdA BEIIeCTBECHHOE pelleHne r = —1, ABJIdronieecsd 3Ha4dYeHueM

apryMeHnTa Ipu KoTopoM 3Hadenue ¢yuknuu pasuo 2. CieoBaTesb-
HO,

Y. { (—o0,~2V5 —4] | [2v/5 — 4, +oo)}
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Ilpocreiinias kaaccudukanusga QyHKIAN

B 3akrouenne obcyzkieHNs TOHATHA (DYHKINOHAJIBHON 3aBUCUMOCTH
OTMETUM, YTO (DYHKIUHU IPHUHATO KJIACCU(PUIMPOBATH 110 HAJHMIHUIO WJIN
OTCYTCTBYIO Y Hee CBOHCTBA NepuoduuHOCMU U CBOWCTBA “4eMmHOCMU.

Oupegenenue 1.2. Oyuxiua y = f(x) nasbiBaerca nepuoduueckod, ecan
cymectByer uucyo 1" # 0 takoe, aTo mjist goboro & € X
gomosiHeHo £ + 7 € X u f(x +T) = f(x). Yucno T B
9TOM CJIydae Ha3biBaeTcs nepuodom byuxmun y = f(x).

Ipuvep 1.2. K mepuommdeckum oTHOCATCS Cieayromue pyHKITUT:

y =sinx ¢ mepuogom 1’ = 27,

2
y =cos3x ¢ uepuogom 1 = 3

y=tgx ¢ tepuosiom 1 = 7.

19
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Oupegenenue 1.3. Ilycte X — obuiacts onpeenenus Gyuxiun y = f(x),
CHUMMETPUYHA OTHOCUTEJILHO TOUKM x = 0, Torja sra
dbyHKIMA Ha3BIBaETCH:

wemmnoti, ecau Vr € X somonneno f(—x) = f(z),

newemnot,, ecrm Vo € X f(—x) = —f(x).
Ipumep 1.3. Knaccudukarus dyHKImiA 10 9€THOCTH:
y =z — JeTHasd,
y=a3 — HeYeTHasl,
y =sinx — HedeTHad,
Yy =cosx — deTHas,
y=3" — He dBJldeTcd HU YeTHOI, HU He4YeTHOIl.

Cne/:(yeT UMETH B BU/Y, 9TO, XOTs CyIIECTBYIOT (byHKLLI/II/I HE OTHOCAIIIN-
€Cd HM K Y€THBbIM, HI K HEYETHBIM, B CI/IMMeTpI/I‘{HOﬁ O6JI&CTI/I OoIIpeaeIeHuA
KaXKJIyI0 UX HUX MOYKHO TIPEJICTABUTH KaK CyMMy HEKOTOPOI YeTHOI PyHK-
MU ¥ HEKOTOPOH HedeTHOH. JJisT 9TOT0 MOXKHO UCIIOIB30BaThH, HAIIPUMED,
bopmyiy

fl@)+ f(=z)  flz)— f(-=)

fla) = SE R S

Tak just byuknnm y = 3% pasjioxkeHne B CyMMy YeTHOI U HEUeTHOI OyeT
UMeTb BH/I

343 3r 377

e )

20
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Oo6parnas pyHKIMSA

CornacHo onpeesieHno GOyHKINOHAIBHON 3aBUCUMOCTBH I KAXK 0~
ro 3HAYEHUS apryMEHTa UMEEeTCsl eJUHCTBeHHOe 3Hadenue dynkiuu. O06-
partHoe, BooOIIe TOBOpsi, HeBepHOe. Kark1oMy 3HAUEHUIO (DYHKIIUH MOYKET
COOTBETCTBOBATH DOJIbIIIEE, U€M OJHO 3HAYECHUE apryMeHTa.

O/tHaKo, BOBMOXKEH ClIydail 63aumHo 00H03Ha4H020 COOTBETCTBUS 3HA~
JeHuit aprymenta u GyHKImA. [[pumMepoM Takoro cjrydasi MOTYT CJIyXKHUTh
byukumm y = 23 u y = 2°.

Wurepecuo, uro jyuis takux dyHKiwii y = f(x) cymecrByer dyHKIno-
HAJIbHAS 3aBUCUMOCTD, B KOTOPOIi POJIb apr'yMeHTa UI'PAeT Y, & 3HaYeHUeM
cayxut x. JIpyrumu cioBamu, obparHasi PYHKIMS U3 ¥y jejiaeT T. Takyro
dyukIMIo NpuHATO Ha3BIBaTL 00pamnol x dynkyuu y = f(r) u 0bo3Ha-
JaTh Kak y = f(x).

Jlas1 B3aMMHO OJHO3HAYHON (DYHKIHH y = 2° OBPATHON SIBJISETCS
byuxus y = ¥z, a s y = 27 910 ecth dhyHKIMA y = log, .
Onpepenenne (.1.4. IlycTs
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Ilpenen pyukium

ITomumo cBOEro 3sHaueHUA, JJI KAXKJIOIO JOIMYCTUMOIO apryMeHTa
bYHKIMS MOXKET UMeTh U dpyeue IUCIOBbIe xapakrepuctuku. OHON u3
KOTOPBIX SIBJISIETCST YUCJI0, HA3BIBAEMOE npedesom Pynkuyuu 6 mouke. Pac-
CMOTPUM 3TO TOHSATHE TOAPOOHEE.

Paccmarpusast sHavenns GyHkiun f(z) B MaJoif OKPECTHOCTH TOUKH
T = xg, B OOJILIIIOM YHCJIE CIYYaeB MOXKHO 3aMETUTDh, YTO 9TU 3HAYCHUS
npubJIUKAIOTCA K HEKOTOpOMY vucyy A, mpu jiiobom crocobe npubJimzke-
Hud & K Tg. [Ipu 9170M Besmunna A MOXKeT OTindarThest oT 3nadenus f(xq)
7 JlaXKe CyIEeCTBOBATh B TEX CJIydasiX, KOTJa TOYKa Xy He IPUHAJJIEKUT
obaactu onpenenenust GyHKiwn f(x).

sin x
Ipumepom Moxer ciryKuTh Gyuknus f(x) = —,  KoTopast He nme-
eT HUKAKOro 3HadeHus B Touke x = (0, HO ompejiesieHa B JIOOOI ee
OKPECTHOCTHU U 3HAYEHUE KOTOPOI TeM MeHbIe orandaercsa oT A = 1,
YeM MeHbIIe abCOJIIOTHAS BEJIMYNHA, .

Ecim Takoe uucino A CymIECTBYET, TO €ro Ha3BIBAIOT Npedesom GYHKUUU
f(x) npu x cmpemawumes ® o, U JaHHBIE QAKT CUMBOJMYECKH 0003HA~
Jqafor kKak  lim f(z) = A.

r—rxo

22
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IToxka MBI He Oy/eM JaBaTh CTPOTOTO OMpEIETeHNs Ipeaeaa OyHKIIT,
TOJIBKO 3aMETHUM, 9TO HOHSATHE Ipejiesia QYHKIIMA UMEET CMBICJI He TOJIBKO,
KOIJIa T SIBJSIETCS] HEKOTOPBIM KOHEYHBIM YHCJIOM, HO U CHMBOJUYIECKU
n300pazkaeT oo , +00 WIN —o0 .

IMomuepkueM eme pa3: npezen (GYHKIUU IPU T CTPEMAINeMcst K Zo (
TaK ke Kak U f(xg) — ee 3HAUEHUE) ABJIACTCS AOKAABHOT TUCIOBON XapaK-
TEPUCTUKON (PYHKITUU, TO €CTh OTHOCSIIEHCS K TOUKE I(.

[Ipu sToM Jiy1st OHOM U TOH Ke TOYKHU 3HavdeHne (DYHKIUN U €€ TIPeJIes
HE3aBUCUMBI JIPYT OT JIPyTa: OHU MOTYT CYIIECTBOBATH OJHOBPEMEHHO U
OBbITH PABHBIMU UJIM HE PABHBIMU JPYL JIPYTY, U TAK¥XKE MOTYT He CyIIe-
CTBOBATh, KAK BMECTe, TaK ¥ O OTJIEJTHHOCTH.

[TosicHuM 3TO CJIE/TYIOIINM IIPUMEPOM.

23
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llpumep 1.4. Paccmorpum yHKIMO, HA3BIBAEMYIO CUZHAMYPOT YUCAA,
0603HataeMyIo KaK § = SgN T U OIpeIe/sseMyio (hopMyJIoit

1, ecmmz >0,
sgnx = 0, ecmmz =0,

-1, ecm xz < 0.

I'paduxk sroit hyHKIMHN MOKa3aH Ha puc. 2.

A

Y

Puc. 2. I'pacdbuk dyukimum y = sgn x

24
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Ota dyukmus npn x = (0 uMeeT HyJeBOe 3HAUYEHUE, OTHAKO IIPEJIET
lir% sgn x He cymecTByeT. JleficTBUTEIbHO, €C/T HEOTPAHMIEHHO TPUOJIN-
xr—

»KaTbed K Touke 0 clipaBa, TO 3HAYEHHE 3TOM (PyHKIUH OyJIeT OCTaBaThCA
paBHBIM +1, B TO BpeMsl KaK Ipu NPHUOJUKEHUN K HYJIEBOH TOUKE CJeBa
9TO 3Ha4YeHHe OyaeT paBHO -1.

ITpoBepbre camocrosrenbHo, 4To y dbyHKIMU y = |sgnz| B Touke 0
CYIIECTBYIOT KaK IpeJiesl, paBHbIA 1, Tak U 3HAYEHME, PABHOE HYJIIO.

Haxkonery ykazkeMm, 9TO B cjay4ae, KOIJ@ B TOUKE T( KaK [IPEJeJI, TaK U
3HavYeHrne PYHKIUU CYIIECTBYIOT U pasHb, Opye dpyey, TO MYHKIHUA HA3bI-
BaeTCS HENPEPLIEHOT B ITOI TOUKe.

25
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IIpousBoaHasi

ITpounsBoaHas (pyHKINU B TOUKE

3uadenne GYHKIUE U €e MpeJiesl CYyTh JOKAJIbHbIE YNCJIOBbIE XapaKTe-
PUCTHKHY, IIO3BOJISIOININAE KOJIMIYECTBEHHO OITUCHIBATD (DYHKITUIO KaK B HEKO-
TOPO#i TOUKe, TaK U B MaJIoii ee okpecTHOCTH. OHAKO STUX XaPAKTEPUCTUK
OKa3bIBAETCS] HEIOCTATOYHO, KOI/IA B OKPECTHOCTH TOYKH T( Tpedyercs
OIIEHUTH HE TOJHKO CAMO 3HAYEHHE WJIU IPeJes (DYHKIMH, HO U OIpe/ie-
JINTH KaK OBICTPO OHM MEHSIOTCS.

Hamnpumep, dyukimn y = 2x 1 y = 5T UMEIOT B TO4Yke T = () HyJIeBoe
3HaYEHUE, HO CKOPOCTH WX U3MEHEHUSI B OKPECTHOCTHU HYJS CYIIECTBEHHO
Pa3JINIHbI.

JlJ1si OlleHKU CKOPOCTH M3MEHEHWsl 3HaUeHus (DYyHKIUU UCIOJIb3yeTCsH
CIenuabHasT YUCIOBast XaPAKTEPUCTUKA (DYHKIUH — NPOU3C0OHas PyHK-
UUL 8 MOUKE.

Onpegenenue 1.4. Ilpouszsodroti Pynkyuu 6 mouwke HAa3bIBAETCS YUCIIO,
paBHOE IIpesiely OTHOIIEHUS BEJIMYUHBI IIPUPAIIEHUS
3HaveHns (QYHKINM K BEJIUYUHE MPUPAIICHUS €€ ap-
I'yMeHTa, KOrJla IIPUPAIlleHNe apryMeHTa CTPEMHTCS K
HYJIIO.

26
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CuMBOJIMIECKY 9TO ONpe/eIeHne o3nadaer: Jusd dbyuknun y = f(z) ee
[POU3BOJIHAS B TOUKE Xy, o003HavaeMas kKak [’ (xo) mwm y,(xg), paBHa

/(o) = lim J(xo + ti — f(xo) ' (1.2)

JleiicTBUTENBHO, €CJIM BeJIMINHA, apTyMEHTa, ObLIa Ig , a CTaja Tg + t, TO
ee IpupalleHue 04eBUIHO paBHO (g + t) — xp = t. AHajorudso, ecju
snavenne GyHKIMH 66110 f(z0) , a crano f(xg+t), To ee cooTBETCTBYIONIEE
npupaiiesue cocrasisier f(xo +t) — f(zo) .

U3 mannoro onpezesnenus: cjienyer, uro dbyskimua y = f(x) momx-
Ha MMETh 3HAYCHHS B HEKOTOPOI OKPECTHOCTH TOYKH I, & TAKXKe OBITH
Henpepuienoli B ToUKe xo. 1locsenuee yciaosue Heobxomumoe (HO He J0CTa-
TOYHOE!) IJIst CYIeCTBOBAHNUS POU3BOIHOMN MYHKINM B TOUKE, OCKOJIBKY
JIMIID JIJI HepPephIBHOM (byHKIUY Ipe/Iesl TPUPAIeHUsT 3HaUYeHNs (PYHK-
MY paBeH HyJIIO IIPU CTPEMJICHUH K HYJIIO IIPUPAIIEHHUS apryMeHTa.

Onnako, maxe s HenpepbiBHON dyHkimu npenen (1.2) apiserca
HEOIPE/IeIEHHOCTHIO BUIA 8”, TO €CTh 3aKJIIOUEHUE O CYIIEeCTBOBAHUY (MU
HE CYNIECTBOBAHUM) [IPOM3BOAHON (DYHKIUN B TOYKE MOXKHO JEJIATh JIUIIb
mocjie “pacKpbITHsST’ TON HEOIPEeIeTeHHOCTH.
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[Tosicuum onpemenenne 1.4 caeayIONUMu TPUMEPAMHU.

3

lpumep 1.5. Haiitu nponssonnyio dpyHKIUN y = £° B TOUKE To = 2.

Brauaste pemum 31y 3a71a1y A5 TPOU3BOJIBHON (DPUKCHPOBAHHOM TOYKI
zq . IlycTs mpupamienne apryMmeHTa B TOUKE T PABHO t, HAIeM COOTBET-
CTBYIOIIlEE NIPUPAIIEHIE 3HAYEHUS JAHHON (DyHKIIN

f(xo +1) — flzo) =
= (zo+1t)° —x} = (2§ + 3adt + 3wot® + ) — xf = 3ait + 3xot® + 17 .
Torna

3xdt + 3wt + 13

I (zo) = lim

— 1 2 2\ _ 9.2
lim —tlgr(l) (3m0+3x0t+t)—3x0.

IToacraBuB B HMOJIydYeHHOE BLIpasKeHUE T = 2, HailJeM, 9TO HCKOMOE 3Ha-
genue y’ (2) — mpoussoHoll st GyHKIMM y = 2° B Touke 2, pasHo 12.

28
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Mpumep 1.6. Haiitu npoussonuyto dyukiuu y = || B Touke xo = 0.

st nanno#t dyuknum, B cuity rog = 0
7 (o) = lim 220wl g [ ecmn >0,

1.
t—0 t t—0 t t—0| —1, ecsim t < 0. (1.3)

OTKya MOYXKHO CAeJIaTh 3aKJIOYEHNEe, ITO y PACCMATPUBAaEMOil DyHKIAN
HET IIPOU3BOJHOM B HyJe, HOCKOJIbKY 1ipejedt (1.3) He cymiecTByer.

29
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3agepiras obcyXKaeHne omnpejeenns: 1.4 oTMeTHM, YTO B MaTeMaTH-
YECKUX TEKCTaX HCIIOJIb3YIOTCS PA3JINYIHbIE CIIOCOOBI 0O03HAYEHUS IIPOU3-
BOIHOI (DYHKIMHM B TOYKe. [[OMMMO MCIIOIB30BAHHBIX BBIIIE, K Haubojee
9aCcTO BCTPEYAIONIUMCS 0003HATEHUSIM OTHOCATCS

dy
/ . e . /
O - B ©)
T=I0

[TousTre MpoU3BOAHOM (DYHKIMUA B TOUKE JIOMYCKAET 2E0MEMPUHECKYIO
UHMEPNPEMAUUIO, CMBICIT KOTOPOT JIydIlle BCEro UILTIOCTPUPYET 3a/a9a, 10~
CTPOEHUs KacaTeJabHOl K rpaduky DYHKINA B HEKOTOPOil ero Touke. Pe-
IIast 3Ty 381y, MBI TPUXOUM K 3aKJIIOUEHHIO, ITO 3HAYEHUE NPOU3EO0HOT
PynKyUL 8 MouKe PABHO MAHZENCY Yeaa, 00PA308aAHH020 KACAMEALHOU 6
amoti mouke K epadury Pynruuu ¢ ocvro abeyuce ( Ox ) .



Bsea. 8 MATEM. AHAJIIU3

YMHOB

A.E., Vumos E.A. TemaO+ 2025/26

s

y=f(x)

ceryulan

ceryuian

KacaTencHan

r

31

X

Puc. 3. 'eomeTpudeckuii CMBICSI IPOU3BONHON (PYHKIHUH B TOUYKE.

B zakioueHne oTMeTHM, YTO U3 BBIIEIPUBEIEHHBIX PACCYKIEHU Cte-
JIyeT HEOOXOIMMOCTD PABEHCMEA HYAIO 3HAUEHUS NPOU3BOOHOT HYHKUUU
8 IMUT MOYKAT UAU ee He cyulecmeosarus. IIpruvepoM MOTYT CIIy>KUTH
bynkmum y = 22 u y = |z| , umetomue B TouKe T = 0 MIHEMYM.

C apyroif CTOPOHBI, 3TO YCJIOBHE HE SIBJSETCS JOCTATOYHBIM. [Ipumep
— dynxmua y = 23, y KoTopoii B TouKe ro = 0 HPOM3BOIHAS PABHA HYJIIO,

OJTHAKO 9KCTpeMyMa y Hee 3/1eCb HET.
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IIpousBonuasi pyHKITMS

IMouck 3HaueHUH TPOM3BOIHBIX MYHKINHA B TOUKaX (HEIIOCPEJICTBEHHO
1o onpeeseHuto 1.4) B GOJILIIUHCTBE CIIyYaeB ABJSIETCH CJIOKHON 3asa-
qeif, TpeOylomeil 1 CBOEro penieHnsl 3HAYUTEIbHBIX 3aTPAT BBHITHCIIA-
TenbHBIX yemauit. Ha mpakTnke oka3pIBaeTCs ropasio yao0Hee TPUMEHSITh
WHOM TO/IX0JT, OCHOBAHHBIN Ha CJIEIYIONINX COOOparKEeHUIX.

Ucnonn3yemsrit B onpepeernn 1.4 mpeenbHBIA epexo1 OCYIeCTBIIs-
€TCs 110 BCIOMOTaTEJLHON IepeMeHHOi ¢, B TO BpeMs Kak, 3HauYeHHe I
— aprymenTa Gyakuun f(x), g KOTOPOil UINeTcst TPOU3BOAHALA B TOUKE,
ABIAETCA (DUKCUPOBAHHBIM IUCJIOBBIM TTAPAMETPOM.

Eciin usmenurs g, To 3uadenue upegena (5.1.1), Boobie ropopsi, uame-
HuTcst. OIHAKO JJIsT KaXKJI0Or0 KOHKPETHOTO Xg OHO 00HO, TIOCKOJIBKY €CJIN
Ipejiest CyIeCTBYeT, TO OH €JIMHCTBEHEH.
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ITosTomy onpenesenne 1.4 MOXKHO PACCMAaTPUBATD KAK IIPABUIIO, IO KO-
TOPOMY KazKJIOMY 3HAYEHUIO T(, IPUHAJJIEIKAIIEMY O0IaCTH OpPEeIeHIs
dbyuxmn y = f(x), craBurcs B cOOTBETCTBHE eMHCTBeHHOE uncio f/ (xg) ,
TO €CTh MOXKHO CKa3aTh, ITO TAKUM OOpa3oM 3aJlaHa HEeKOTOpas HO6aA
Pynryus, 3HAYEHIE KOTOPOii B Touke g paBHO [’ (z0) .

1y GYHKIHMIO TPUHITO HA3BIBATH NPOU3CoOH0l Pynryuetd om y =
f(z) n obosmauats xak f’(x), omepammio ke moucka f' () HasBIBAIOT
dugpeperyuposarnuem. B caydae, korpa qust f(x) cymecrsyer f' (x) , ro-
BOpAT TakxkKe, uro byuxus f(x) dudpepenyupyemas.

C mpyroit croponbl, dbyukiuio y = F(x) takyio, aro F' (z) = f(z),
HA3BIBAIOT Nnepeoobpasnoti daay = f(x). Onepanus ee HAXOXKIEHUST HA3BI-
BAETCH UHMELPUPOCAHUEM.

33



Bsexq. B MATEM. AHAJIN3 Ywuos A.E., Vumos E.A. TemaO4 2025/26 34

Hampumep, BoCIIOIb30BaBIIACh PEIIEHNEM 33/a9u 1.5, MOXKHO yTBep-
JKIATh, 9TO (DYHKIMS, IPOU3BOIHAS OT i = I°, eCTh Y = 322, MOCKOJIBbKY
WCITOJTb30BAHHBIN HAMU METO/I PElleHusl ITON 3aa4i MOIUTCs JIJI 4100020
Zo-

[Ipoussomubie PYHKINN TPUHATO TaK:Ke 0003HATATH KaK

dy.
dr’

/

Yo i y'(z) .

B Tex cinyuasx, xorma GyHKIMS 3aBUCAT OOJIee €M OT OJHON Imepe-
MEHHOM, UJIeHTU(MUKATOP IIEPEMEHHOI, 110 KOTOPO HepeTcs IPOM3BOIHAS,
YKa3bIBAETCs SIBHO B BHJE HUXKHEIO UHIEKCA.

Hanpuwmep, g dbyukunu f(x, p) — 3aBucsineii or ¢ u p, 3anuck f,(x,p)
03HAYAET MPOM3BOJHYIO 10 MEPEMEHHON &, B MPEIIIOJIOKEHUN, 9TO P —
bUKCUPOBAHHBIN TTapaMeTp.

Crour Tak:Ke OTMETHUTb, UTO B PYCCKOS3BIYHBIX MAaTEMaTHIECKUX
TEKCTaX MOHATHA “MPpOn3BOIHASA DYHKIINNA B TOUKE’ U “ITpon3BoaHAsT PYHK-
nust’ acTo 0003HAYAIOTCS OJTHUM U TE€M 2Ke CJIOBOM — “MPOU3BOIHAA”, TIO-
Jlarasi, 9TO M3 KOHTEKCTa [MOHATHO, O YeM HJET Pedb.

B anrsmiickom si3biKe, HAIpUMeEp, ITOI MPOOJIEMBI He CYIIECTBYeT, I10-
CKOJIbKY ITPOM3BO/IHAS (DYHKIUHN B TOUKE 3TO — derivation, a MpOU3BOIHAS
by — derivative.
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OueBuIHO, YTO WCIIOJIB30BATH MPOU3BOHBIE (DYHKIUMH JJIST HAXOXKJIe-
HU$ 3HAYEHUI IPOU3BOIHON (DYHKIINN B TOUKE IOPa3/I0 yI00Hee, YeM II0JIb-
30BaThCS JIJIst 9TOi 1esu onpejeserreM 1.4. Ho Torma Bo3HUKaeT BOIpOC:
KaK HAXOJUTh IIPOU3BOIHBIE (DYHKITIN!

OtBer ciemyromuit — HAIO UCIOJIB30BATD:

1) Tabuuiy HpPOM3BOJAHBIX JJisi HEKOTOPOrO HEGOJBIIOro Habopa dJie-
MEHTapPHBIX (PYHKIUH, IOJTyYeHHBIX HEIIOCPEJICTBEHHO IIPU IIOMOIIN
onpenesernd 5.1.1,

2) upasuia audepeHImpoBanus, KOTOPbIE MO3BOJISIIOT BbIPAKATD
IIPOU3BO/IHBIE OTHUX (DYHKITHI Yepe3 mpou3Bogablie Apyrux. Ob6ocHO-
BaHU€ UX CIPABEJIMBOCTH, OCHOBAHHOE HA, MCIIOJIbL30BAHUN OIIPE/IE-
nenus 5.1.1 u cBoOCTB mpeiesioB OYHKIINM, MOXKHO HAWTU B ITOJTHOM
Kypce MaTeMaTUIeCKOI'O aHAJII3a.
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f(a) f'(x)
La ar®—1
e’ e’
a®, a>0,a#1 a’Ina
In |z 3 (Tabumua 5.2.1)
log, 7], > 0,071 Tl
sinx cosx
arcsinx ﬁ
arctg x 1 +1$2

ITepsas u3 srux rabuun umeer Bug (5.2.1), HO IIOCKOJBKY OYEBHIHO,
ITO ITOH TABJIUIBI HEJOCTATOYHO, YTOOBI MTOJIYIaTh IPOU3BOIHBIE A100DIT
dyukmmit, 3a7aBaeMbix GOPMYIaAMU, TO CJIEJYeT UCIOJIH30BATH TAKXKe U
TaOJIHUILY, ONUCHIBAIOIILYIO NPAGUAL BBPANHCEHUS NPOUZBOOHDIT 00HUL HYyHK-

yuti, wepes npoudsodrvie Ipyaux,
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1° (f(2) +g(x)) = f'(z) +¢'(2)

2° (C-f(z)) =C-f'(x), rme C — const

(Tabmuua 5.2.2)
3° || (f(2)-g(x)) = f'(z) - g(z) + f(z) - ¢ ()

4° (flg(@) )y = f1(9) - gh()

[IpousutrocTpupyem ucnosb3opanue Tadsmir 5.2.1 u 5.2.2 Ha ciieyommux
npuMepax.

Mpumep 5.2.1. IlycTs Tpebyercs naiiTu mpon3BoHble (PYHKIUU OT

. 3/3;2_4_\/5—1—1 y:sinx u y:earccosx
x ’ x '

Pewenue.
1) Cpasuenne npasusi 1° u 3° Tabuunpsl 5.2.2 ybexjaer, 4ro Jerde
nuddepeHnupoBaTh cyMMy (DYHKIMIL, 9eM IIPOU3BEJ/IEHUE, [TO3TO-
My BHadaJjie BBIIOJHAM IOYJIEHHOE JIeJIeHre, TO eCTh OyJIeM UCKaTh
MPOU3BOJIHY IO (DYHKIIH

3/ 5 !
(m +\/E+1> = (x_% —|—x_% +x_1)/ =

T

a, UCIOJIb3Ys mepBbie hopmyibl Tabum 5.2.1 u 5.2.2, moaydaem
1 2 1 5 4 1 1 1
. 3 —. 2 — — .
3 2 3xyx  2xr 22

2) B rabumme 5.2.2 mer dopmynsl s auddepenimposanust 1pobu
(xorst BO MHOrMX y4eGHUKax BBl €e MoXKeTe BCTPETUTh), IIOSTOMY
cHavaJIa IpeodbpasyeM JaHHYIO (DYHKIWIO B MPOU3BEJEHUE, U JIUIIb
IIOTOM MPUMEHUM npaBmwio 3° Tabummsr 5.2.2

/

<sinx>’_ ((sinz) - (z™1)) = (sinz) - (z~) + (sinz) - (271) =

T
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= (cosz) 2 + (sinz) - (—a~2) = 28 Sinf _ reosy - sin z
X €T T

3) Brauase 3amerum™, 4o (cMm. §1.1 11.7°)
™ .
g(x) = arccos x = 5 —aresinz,

U TIOTOMY, COIJIACHO IIEPBOMY IIPABHUJLY TaOJIUIIbI 5.2.2 1 IPEeIIoc/IeI-
Heil crpoke Tabsmrs 5.2.1,

go(w) = —

V122
Torna,
!/
o = (o), = (90) = (e9), - () =

x

1 earccos x

Vi—z2)  Vi—e2

B zaksrouenne mganHOrO maparpada OTMETHM, 9TO B IIPOIECCE UCCIIe-
JIOBAHMSI CBOMCTB (DYHKITNN WHOT/IA OKA3BIBACTCS HEOOXOINMBIM HUCIIOIb30-
BaHUE XapaKTEPUCTUKU, ITOKA3BIBAIOIIEN CKOPOCTL UBMEHEHUA BEAULUHDL
npoudsodnot PyHKUUL B OKPECTHOCTU TOYKHU L. DTA XaPaAKTEPUCTUKA Ha-
3BIBAETCH NPOU3BOOHOT 8MOP020 NOPAJKG WK, IIPOCTO, 8MOPOTi NPOU3E00-
not. Ee mpuasaTOo 0003HAYATH KaK

=t gfa) = e

d2y

2
dl‘ T=To

" X
yCL‘:IO bl

V' (@) g=aq »

a TIOUCK 3HAYEHUS 3TON YNCIOBOUM XapaKTEPUCTUKHN CBOJUTCS K BBIUUCIIE-
HUIO IIpejesia BUIA

" (xo) = lim

! !
fwo+1) = flwo) (5.2.1)
t—0 t

[MockosbKy BTOpbIE IIPOU3BOJHbIE (DYHKIUHM B TOYKe (KAK IPeJIe/Ibl
dyHKIMMI) onpeeeHbl OHO3HAYHO, TO MOXKHO 33JIaTh HOBYIO (DYHKIIHIO,
3HAYEHUSMU KOTODPOH SIBJIAIOTCS YHCIIA, T10JydaeMble 110 dopmyste (5.2.1).
D1y dyHKIuo (IPOU3BOJHYIO OT IPOU3BOIHO) HA3BIBAIOT 6MOPOl Npo-
u3600n0U Pynryuetd om Pyrnkyuu y = f(x). s ee HAXOXKIEHUST CIIeIyeT
HCIOJIB30BATh T€ YKe MPaBUJIa, YTO U JJIsl IEPBO IIPOU3BOIHON DyHKINH.

Hanpumep, ecoim y = In |z|, To, cormacHo Tabmune 5.2.1, ¢y = %, a, B CBOIO
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oYepeib, IPOU3BOHAST (DYHKIMS OT % = z~! mo Toit xke Tabsune 5.2.1
pasna (~1)z72 = —L. To ecrs, (Infz))” = —L
z x

.
FeomeTpudeckuii ¢CMBICT BTOPOit TPOU3BOJIHON OyIeT pa3bsicHeH B §5.4.

IlpounsBonuasi pyHKIUS

IMounck 3nagenuit npousBoaHbIx GYHKIMHE B TOUYKaX (HEIIOCPEICTBEHHO
110 onpe/iesieHuto 1.4) B GOJIBIIMHCTBE CIIyYaeB ABJIIeTCs CI0KHOMN 3a1aueii,
TPeOyYIOIIeil [IJIsi CBOErO PENIeHns 3HAYUTEIbHBIX 3aTPAT BbIYUCIUTEIbHBIX
yeunuit. Ha nmpakTnke okasbiBaeTcst y/100Hee TPUMEHATh UHOM TIOXO, OC-
HOBAHHBIN Ha, CJEIYIONUX COOOPAKEHUSIX.

Ucnonb3zyemsrit B onpenenennn 1.4 mpeebHBIN Tepexo1, OCYIIeCTBIIs-
eTCd IO BCIIOMOraTeJbHON MepeMeHHOI ¢, B TO BpeMs KakK, 3HaYeHue Ty —
aprymenTa dbyHkuuu f(x), 1Jis KOTOPOro MINETCs IPOU3BOJHASA B TOUKE,
SIBIISIETCS (PUKCUPOSAHHBLM HUCAOGDIM NADAMETMPOM.

Eciu usmeHnTh 20, TO 3HaUeHUe npesena (1.4), Boobie roBopsi, n3me-
aures. OMHAKO IS KaXKJI0TO KOHKPETHOTO Xy OHO 00HO, MMOCKOJIBKY ECAU
npedea cywecmsyem, mo on eOuHCMEEHEN.
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ITosromy ompemenenne 1.4 MOXKXKHO paccMaTpuBaTh Kak MPABUJIO, IO
KOTOPOMY 3HAYEHUIO Ty CTABUTCS B COOTBETCTBUE €JWHCTBEHHOE UHCJIO
' (x0) , m MOXKHO CcKa3aTh, YTO TAKUM 00Pa30M 3a/1aHa HEKOTODAasl HO6GA
Pyrryus, 3HAYEHIE KOTOPOii B Touke g pasHo [’ () .

Dra QyHKIUS HA3BIBAETC NPoudsodnol dyrkuyuetd omy = f(x) u obo-
suavaercs kak [’ (x) , omepammio noucka f’ () maseBaoT Jugdepenyu-
posaruem. B cayaae, korga aus f(x) cymecrsyer f' (x) , TOBOpSAT TakiKe,
aro dbyaxuus f(z) dupdeperyupyema.

Oyukiuio y = F(x) rakyio, yro F’' (z) = f(x), HaspBaior nepeoot-
pasnoli dan y = f(x). Ouepanus, obpamnas K nuddepeHnupPOBAHIIO, TO
€CTb, OIlepalus HaXOXKJeHUs 1epBoobpasnoii mist y = f(r) HasbBaerca
UHMELPUPOBAHUEM.
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Hampumep, BoCIIOIb30BaBIIACh PEIIEHNEM 33/a9u 1.5, MOXKHO yTBep-
JKIATh, 9TO (DYHKIMS, IPOU3BOIHAS OT i = I°, eCTh Y = 322, MOCKOJIBbKY
WCIOJIb30BAHHBIN METOJ PEIIEHUsT STOW 3a/a9u TOMUTCS [T 1106020 Xg.

[IpousBosnbie OYHKIUN IPUHATO ODO3HAYATH OJHUM W3 CJIEJLYIOIINX
CHUMBOJIOB

p dy /
Yz 5 %7 Y (Z‘) .

B Tex ciyuasx, korma yHKIMS 3aBUCHT 0oJiee ¥eM OT OJIHOI mepe-
MEHHO, HIeHTU(MUKATOP IIEPEMEHHOI, 110 KOTOPOil HepeTcs IPOM3BOIHAS,
yKa3bIBaeTCd IBHO B BHUJE HIUXKHErO MHIEKCA.

Hanpuwmep, qyis dyukuuu f(x, p) — 3aBucsareii ot x u p, 3anucs f.(x, p)
O3HAYAET MPOU3BOJHYIO 110 IEPEMEHHON X, B HPEIIIOJIOXKEHUU, UTO P —
dbuKCUpoBaHHBIN MapamMeTp. Takue TPOU3BOMHBIE s (DYHKITHH, 3aBUCS-
[UX OT MHOTUX IIEPEMEHHBIX, IPUHSITO HA3BIBATD YACTMHLMU NPOU3E00NbI-

MU WU UCIIOJIB30BaTh JIJId HUX CIIeUuaJIbHOe 0003HAYEHHE —— .

ox
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Crour Takxke OTMETUTL, YTO B PYCCKOA3BITYHBIX MaTE€MaTUICCKHNX
TeKCTaxX TaKhue IIPpUHIUIINAJIbHO pal3JInYHble MaTeMaTHu4IeCKue O6"l>€KTI>I7
KaK:

<IIPOM3BOJIHAS (PYHKIINU B TOYKE», KOTOPas €CTh YUCA0 U
«IIpOU3BOIHAs (DYHKIIUST», ABJISIOMAACT DyHKIIAEH,

9aCcTO MMEHYIOTCS OJHUM W TEM K€ CJIOBOM — “IPOM3BOJHAsT’, TOJIaras,
9TO U3 KOHTEKCTA MOHATHO, O UYeM UJET PEUb.

B anrsmiickom si3bIKe, HAIpUMEp, ITOI MPOOJIEMBI He CYIIECTBYET, I10-
CKOJIbKY ITPOM3BO/IHAS (DYHKIMHN B TOUKE — 3TO derivation, a MPOM3BOIHAS
by — derivative.
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OueBHIHO, YTO KCIIOJIbL30BAHNUE IPOU3BOAHBIX (DYHKIMIA IJIsI HAXOXK-
JieHusT 3HAYEHUI TPOM3BOAHON (DYHKIIMM B TOUYKE ropasjio yaobHee, uem
omnpenenenne 1.4. Ho Torjga Bo3HUKaeT BOIPOC: KaK HAXOJAUTH ITPOU3BO/I-
Hble QYHKIUHA?!

OTBeT Ha 9TOT BOIIPOC CJIe Ty IOIITHii:

HAJI0 BOCIIOJIHL30BATHCS UHMOPMAITHE, COMepKAIERcsa B CIEIYIO-
MUX JIBYX TaOIATIAX:

1) B Tabuuie npoussoduvir dynryud, conepxaiieii bOPMYIIb IPOU3-
BOJIHDIX JIJIT HEKOTOPOTO HEDOJIBITIOTO HabOpa 3JeMeHTapHBIX (DYHK-
Ui, MOJIYYEeHHBIX HEIOCPEICTBEHHO P MMOMOINM onpesesenus 1.4
u

2) B Tabiuuie npasus Juddepentuposarus, KOTOphle IO3BOJIAIOT Bbl-
paxKaThb IIPOU3BOAHLIE OT ONHMUX (DYHKIUA depe3 IPOU3BOIHBIE OT
apyrux. OBGOCHOBaHME CIPABEJIMBOCTH 3TUX IIPABUJI, OCHOBaAHHOE
Ha WCIIOJIb30BaHUM olpejiesierns 1.4 u cBOMCTB 1peiesioB MyHKIMIA,
OOBITHO MIPUBOIUTCS B TIOJTHOM KypCe MaTeMaTHIeCKOro aHaJIu3a.
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[TepBas u3 sTux Tabaur, HazbiBaeMas OOBITHO « TabauIHBIE TTPOU3BOI-
HBbIe» MOYKET UMETh, HAIIPUMED, TAKON BH/I

f(z) f'(x)

x? az®1
e’ e’
a®, a>0,a#1 a®lna
1
In |x| -
T
1
log, ||, a>0,a#1
zlna
sinx cosT
. 1
arcsin x
1— 22
; 1
arctg x
& 1+ 22

Tabsmia 2.1
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Bropyto Tabauiy, masbiBaemyio «IIpaBmma auddepeHImpoBaHus»,
yIOOHO 3alMCaTh B CJEAYIONEM BUJIE

1° (f(@)+g(x)) =f(z)+7(x)

2° (C-f(x)) =C- f'(z), rne C — const

3° (f@)-g(@)) = f(z) g(x) + f(z) - g'(2)

40 (f(g(@))); = fo(g(2)) - gu(2)

Tabmuma 2.2

B rabsmnax 2.1 u 2.2 10 yMOJIYAHUIO [IPEJIITIOIATaeTCs, ITO BCe TPOU3BOJI-
HBI€, UCIIOJIb30BAHHBIE JIJI 3AIMACHA ITUX (DOPMYJI, CYIIECTBYIOT.

WcnonpzoBanne Tadmury 2.1 u .2.2 TPOMJIIIOCTPUPYEM CJIE/LYIONTIMHI
IIPUMEePaMU.
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Mpumep 2.1. Ilycrs TpebyeTcs HAWTH MPOU3BO/IHbIE DYHKIUH JJIsT

Va2 + .+ 1 sinz
— A\/> , 2) y — u 3) y — earCCOSZL’.
x x

Dy

Pewenue.
1) Cpasuenue npasui 1° u 3° Tabuunpl 2.2 IOKA3BIAET, YTO CYyMMY
dbyurmmit guddepeHImpoBaTh IPOIIe, YeM ITPOU3BEIECHUE, MOITO-
My BHadaJjle BBIIOJIHUAM IOUJIEHHOE JleJIeHne, TO eCTh OyJIeM HCKaTh
[IPOU3BOJIHYIO OT (DYHKITUH

3/ 2 /
(x + \/E+ 1) = (mfé +1’7% Jr:zzfl)/ =
T

U, UCIOJIb3ys IepBble (popmynnl Tabymi 2.1 u 2.2, moaydaem
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2) B rabmauie 2.2 ver dopmyisl mius auddepeHupoBanus 1pobu (xo-
TsI BO MHOI'UX y4eOHHMKaX ee MOYKHO BCTDETHUTH), IOTOMY CHAYAJIA
npeobpa3yeM JaHHYI (DYHKIWIO B [IPOU3BEEHNE, U JIUIIb [TOTOM
npuMeHnM paBmio 3° Tabaumsr 2.2

X

(sinx) = ((sinz) - ($_1)) = (sinz)’ - (z71) + (sinz) - (z71) =

cosr sinx excosx —sinz
= (COSI)'SE71+(Sin1’)~(7x72): r  x2 - 2

exr

T
3) Buauase BeromHuM, 9T0  g(2) = arccosx = — —arcsinz, OTKyza,
2

COTJIACHO TEPBOMY TPABUJLY TAOJIUIBI 2.2 U IPEANIOCTIEeIHENR CTPOKE

Tabymnsl 2.1,
1

9u(2) = Ao

Torna,
!/
v, = (o), = (9)) = (), - gl (@) =

Voo @) . 1 £AICCOS T
=e-g.(x) =€ | — =— .
Yz 1.2
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B zaksrodyenne maHHOTO paszesia KPATKO PACCMOTPHM €Ille /IBa MaTe-
MaTHYeCKUX O0bEKTa, CBI3aHHBIE C IIOHATUEM IIPOU3BOIHON (hyHKIHE.

Bo-niepBbix, B mIporiecce uccie0BaHUsl CBOMCTB (DYHKIMYM MHOLJIA, OKa-
3BIBAETCH HEOOXOIMMO PACCMOTPETH XaPAKTEPUCTHUKY, OIEHUBAIOILYIO CKO-
pPOCTh U3MEHEHUS BEJIMIUHBI NPou3eo0Hotl PynKyuy 6 oKpecmmocmuy, moy-
KU TQ.

DTa XapaKTEPUCTUKA HA3BIBAETCS NPOU3B00H0T 8Mopozo nopadka Wi,
IpoCTO, 6Mopot npou3sodiot. Ke npuasaTo 0b0o3HAYATH KaK

d*y
y/x/:zo @ ) y/, (x)|x:z0 )

=0

a TIOUCK 3HAYEHUS 3TOU YMUCJIOBOU XapPaAKTEPUCTUKHN CBOIUTCS K BBIUUCIIE-
HUIO TIpeJiesia BUIa

F(x0) = li J'(xo +ti — f'(z0) )

(2.1)
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ITockosbKy BTOpbIE IIPOU3BOJHBIE (DYHKIUH B TOUKe (KAK I[IPeJEJIbl
cbyHKm/m) OIIpE/Ie/IeHbl OJTHO3HAYHO, TO MOXKHO 33/1aTh eIie OJHY (PyHK-
110, 3HAYEHUAMHI KOTOPOH SIBJIAIOTCS IHCIIA, 3aaBaeMble hopMystoi (2.1).

L1t HaXoXKIeHUsT BTOPOM MPOU3BOIHON CJIEyeT MCIOJIB30BATH T€ YKe
OpaBWJIa, 9YTO U IIPU BBIYUCJIECHUH IIEPBOU.

1
Hanpuwmep, mia dyukiuu y = In |z|, cormacuo tabmune 2.1, y' = —,
U, B CBOIO OuYepeilb, BTOpas Ipou3BoiHas or ¢GyHkuuu y = In|z| paBna
1
"=(-1z2=——.
y'=(=1) =

1

To ectb, (In|z|)” = 3
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Hpyroit MmareMaTuIeCcKnit 00HEKT, CBI3AHHBIN ¢ TPOU3BOIHON DYHKITH-
€il, KOTOPBIiT YaCTO UCIIOIB3YETCs B IIPUIIOYKEHUSIX HOCUT HA3BAHUE NEPE020
duppepenyuania wim, Tpocto, duddepertuaa.

Huddepentmanom dynkuuu y = f(z), uMmeroneid IpOU3BOAHYIO B TOY-
Ke T, Ha3bIBaeTCA PYHKIS df, 3aBUCAINAA OT ABYX MEPEMEHHDBIX Tg U dX,
BUJIA

df (zo,dz) = f'(z0) - dx.

O6paruTe BHUMaHUe, 9TO 3/1eChb KaK dr , TaK U df SIBJISIIOTCsI He IIPOU3Be-
JIeHUSIMU, & 0003HAYEHUAMY (CUMBOJIAME) [IEPEMEHHBIX BEJINIMH.

ITo ompenenmennto nuddepenuania ero 3HaYEHNE IPSIMO TPOIIOPITHO-
HaJbHO 3aBUCUT OT dr, B TO BpeMsl KaK €0 3aBHCUMOCTb OT Ly MOXKET
OBITH U HEJIUHEITHOIA.

OcHoBHOEe cBOIiCTBO JndhepeHIralia OmuChiBaeT pOPMyJIa

f(zo +dz) — f(x0) = df (20, dx) + (0, dx), (2.2)

B KOTOPOI1 JIjIsl OCTATOYHOr0 WieHa r(xg, dr) CIpaBejinBO PABEHCTBO (sIB-
JISTIOTIEECsT yTBEPKIEHAEM TEOpEMBi! )

r(xo, dx)
dz30 df (zo, dx)

Dro o3HAUAET, UTO B KadecTse oyewku pasHocru f(xo + dx) — f(zo)
1tst, ncbdepeHnupyeMoii B ToUKe T, byHKIuY f () MOXKHO HCIIOIB30BAThH
Besmuuny f'(2p) - dr ¥ DOrpemHOCTb TOH OlEHKU OyJeT TeM MEHbIIE,
yeM MeHblle |dx|.
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