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Functional series

We are considering methods of approximation some functions others,
which are simpler or more convenient. Here you can use as an
approximating object series, each member of which is some known
function.

It should be noted that many tasks the series turns out to be not only
an approximation, but the only possible form presentation of solutions.

First let’s give

Definition Let each member of a certain series be a function
9.1 ug(x), where x € X C R.

Then we will say that functional series

> () (9.1)

k=1

is given with domain X .

1



Multy-Dim ANALYSIS & Integral and series Umnov A.E., Umnov 5.4. Theme09 2024/25 2

Types of convergence of a functional series

The concepts of series sum, partial sum, as well as the concepts of
pointwise and absolute convergence functional series, we introduce just as
these concepts were defined for number series.

For example, the function S,(x) = > ug(z) we will call the n-th

k=1
partial sum of the series (9.1),
Definition The function F(z) is called limit function for
(oo}
9.2 functional series Y ug(x), if Voo € X occurs
k=1
lim S, (zo) = F(zo) -
n—0o0
(o]
In some cases we will also use sum of a series r,(x) = > ug(x),
k=n-+1

called the n-th remainder of the series (9.1).
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Definition We will also say that if
9.3
lim Sn(xo) = F(%o) Vag € X, (92)
n—oo
then the functional series > up(x) converges
k=1

pointwise to F(x) on the set X .

Fact of pointwise convergence of a functional series on the set X can be
denoted as follows: S, (z) 2 F(z) at m — oo. The absence of pointed

convergence on this set is denoted by accordingly, as S, (x) 4 F(z) at
b'e

n — o0o.
In quantifier form, condition (9.2) is formulated as follows:

Vg € X and Ve >0 3N, ., such as ¥n > N, . inequality
Sn(xo) — Flag) | <e (9.3)

is true.
Note also that the functional series is called absolutely convergent, if series

n
> | ug () ‘ converges pointwise.
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As for functional sequences, pointwise convergence of a functional series
does not guarantee the coincidence of function properties uy(x) and F(x),
which illustrates

Problem Find the limit function for functional series
9.1

o0 l‘2

(1 T 1)x2) (1 n kxz) on setx € R.

k=1

4



Multy-Dim ANALYSIS & Integral and series Umnov A.E., Umnov E.A. Theme09 2024/25 D

Solution. Note that the common member of this functional series
decomposes into simple fractions

1 1
T4+ (k—1)22 1+ka?’

ug(z) =

Whence it follows that

1 1 1
(@) = [1- -
Sn(@) < 1+x2>+<1+x2 1+2:c2>+

1 1
ot <1+(k—1)x2_ 1+kx2> ’

and we get
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It is easy to see that in this case

Solution nr2

found. F(r) = klggo Sp(x) = klggo 1+ na? = sgn’z = |Sgn$| .

Comparison of the properties of the functions uy(z) and F(z) (see Fig.
1) in Problem 9.1 leads us to a conclusion similar to that obtained for
functional sequences. Namely:

for pointwise convergence, the properties of the terms functional
range may do not coincide with the properties of the limit function.

6
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Fig.1. Graphs of functions S, (z) for n =1,2,4,8,16 to Problem 9.1.
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Uniform convergence of a functional series

In the definitions made, the convergence of a functional series is
identified with convergence functional sequence consisting of partial sums
of the series.

Therefore it is natural to expect that conditions ensuring the
coincidence of properties of members functional series and its limit
function, can be formulated using the concept uniform convergence.

By making appropriate changes to the Definition 9.3 (pointwise
convergence on the set X function sequence {S,(x)} ) we get

o0
Definition Let’s say that the functional series > wug(z) converges
k=1

9.4 =
uniformly on the set X to the function F(x), if

Ve >0 dN.: VzxeX and Vn > N,
such as inequality | S, (z) — F(z) ’ < e is true.

This property, as for functional sequences, we will denote by the symbol

> up(z) =z F(x) atn— 0.
k=1 b'e

8



Multy-Dim ANALYSIS & Integral and series Umnov A.E., Umnov E.A. Theme09 2024/25

Let us emphasize once again that the difference between definitions 9.4
and 9.3 is that in the case of uniform convergence of the functional series,
number N. is found (selected) according to the same rule for all points
of the set of arguments X . While for pointwise convergence the choice of
Ng,.e can be done for each x individually.

As in the case of functional sequence from the uniform convergence of
the functional series should be pointwise, but not vice versa.

Accordingly, properties of absence of pointwise or uniform convergence

We will denote the functional series by symbols Y ux(x) 4 F(z) and
bl

k=1
S wk(x)) £ F(x).
k=1 X

Then the property of non-uniform convergence of a functional series
can be described by

o0
Definition We will say that the series > wup(xz) converges not

9.5 k=1
uniformly on the set X , if at n — oo

Sp(x) 2 F(z), but Sp(x) ? F(z).

9
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Let us now formulate conditions for the coincidence of properties of

members of a functional series and its limit function.

Theorem
9.1

Theorem
9.2

Theorem
9.3

(o]
If all terms of functional series > wug(z) are
k=1
continuous functions on [a,b], and the series
converges uniformly on [a,b] to the limit function

F(z), then F(z) is continuous on [a,b].

o0
If all terms of functional series > wui(z) are
k=1
continuous functions on [q,b], and the series
converges uniformly on [a,b] to the limit function

F(z), then the functional series kzlfuk(u) du
130

T
converges uniformly to the function [ F(u)du.
o

where x € [a,b].

[ee]
If all terms of functional series > wug(z) are
k=1
continuously differentiable functions on [a,b],
— the series itself converges at some point on [a,b],
and
— the series of uj,(z) converges uniformly on [a,b],
then

Fl(z) =) uy(a),
k=1

where F(z) is continuously differentiable limit
function of original functional series. Moreover, the

o0
series > ug(x) also converges uniformly.
k=1

10
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Conditions for uniform convergence of functional series

Theorems 9.1 — 9.3 are based on the concept of uniform convergence
for functional series. They give sufficient conditions, at which the limit
function will have the same properties as the terms of the series.

Therefore, the conditions for uniform convergence of functional series
are of practical interest.

11
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Let us formulaotoe one of the criteria for the n-th remainder of the

functional series > wug(x)

k=1
ra(@) = Y up(z) = F(x) - Sn().
k=n-+1

o0
Theorem  In order for the functional series > uy(x) defined

k=1
9.4 on the set X converged uniformly on this set,

necessary and sufficient to

sup | rn(z) | =0 at n— oco.
reX
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Corollary For uniform convergence of a functional series
oo}

91 > ug(x) defined on the set X, it is necessary that

k=1
ug(z) =30.
X

o0
Theorem  If for the functional series Y ux(x) defined on the

9.5 k=1 .
(Weyer- set X, there is a convergent numerical series > ay
strass . L. k=1
sign) such that Vk > kg and Vx € X the inequalities

|up(z) | < ax

are true,
then the original functional series converges
uniformly on the set X .

13
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o0
Theorem  For uniform convergence of a function series Y uy(z)

k=1
9.6 defined on the set X , necessary and sufficient,

(Cauchy
criterion) to
Ve>0 dN::
VE>N., VYpeN, VexelX,
n+p
such that inequality | > ug(z) | <e is true.
k=n-+1

o0
Theorem  In order for the functional series > ux(x), defined

k=1
9.7 . on the set X, did not converge uniformly, necessary and
(negation .
sufficient,
of the
Cauchy so that for any N € N found
criterion) >0, k>N, peN and zg€ X

such that the inequality holds

no+po

Z ug (o)

k=no+1

Zé‘o.

It is advisable to use the Cauchy criterion (as well as its negation) in
cases where the limit function F'(x) is unknown or cannot be represented
in a form convenient for use.
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o0
Theorem  Functional series ) ax(x)bi(x), defined on the set

k=1
9.8 X, converges uniformly on this set, if

(Dirichlet
test) 1) sequence of partial sums of a series
o0
> a(x) is limited to X,
k=1
2) functional sequence {by(z)} is mono-
tonic Vo € X and bi(z) =0.
b's
o0
Theorem  Functional series ) ax(x)bi(x), defined on the set
9.9 Lo kel . .
(Abel X, converges uniformly on this set,osf
test) 1) functional series Y ax(xz) converges
k=1

uniformly on X,

2) functional sequence {by(z)} is mono-
tonic Vx € X and it is bounded on the
set X .

15
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Examples of studying
functional series for convergence

Problem Investigate the uniform convergence of a functional series
9.2

oo

Z arctg(kx) e +o0)
x —00, +00) .
=t + kVE

Solution. 1) For any fixed x this series converges pointwise by
comparison criteria (check it!).

7r .
2) Due to inequalities |arctga:| < 5 and z* + kVEk >

k+/k, which are true when Yoz € R and Vk € N, for the
general term of the series the following estimate is valid:

arctg(kx) T 1

2+ kVE 2 kVE
. L . T 1
Since the majorizing number series =3

2551 kVE
Solution converges, then by Weierstrass’s sign (Theorem 9.5)
found. the functional series under study will converge uniformly.
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Problem Investigate the uniform convergence of a functional series
9.3

x
Z3ksm— x € [0,400) .

x
Solution. 1) The series under study converges pointwise, since sin Y
* and the inequality is true
k
3 sin | <o [ 2
sin—| <z |-
4k| — 4

2) For the no-th remainder of a given functional series at
some point xy € (0, +00) we have

T'no (Z0) E 3* sm > 30+l gin
k=no+1

x >3 Zo
470 ol = sin —— 4n0+1 .
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3) Then for any N € N on (0, +00) exist
no=N, zop=4"F g5 =3sinl

such that 7, (zg) > 3sinl =¢g.

It means that

sup | rp(z) | 40 atn— oo
reX

Solution and by virtue of Theorem 9.4, the series under study
found. converges nonuniformly.
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Problem Investigate the uniform convergence of a functional series
9.4

oo

x
Z 1+ k323

k=1
on sets: 1) By : x €[0,1],
2) Ey: z € [17+OO) .

Solution. 1) The series under study converges pointwise on E; and Es,
due to the comparison criterion and the convergence of the

< 1
number series > =R
k=1
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2) Derivative of the common term of the series

, 1—2k323

Therefore, the continuous uy(x) has a maximum on F, at
the point x = 1 and the inequality will be true

T
< Ve € By
T+ /328 =14k
e 1
From the convergence of the majorizing series > ——.
=114+ k3

and the Weierstrass sign we obtain uniform convergence
series under study on Fs .
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Solution
found.

3) Study on uniform convergence at x € Fj. Let’s do it using
the negation of the Cauchy criterion. For any natural number
N we can take

1
kh=N>N, po=Ne€EN and zOZNEEla

such that the inequality holds

1
no+po 7o 2N N
> T 72
1+ k3x3 k
k=no-+1 k=N-+11 4
N3

(here we’ll make all the terms the same, replacing each of
them with the smallest term)

N 11
> J— :N—iz—:
> > 5 NP~ "N1+s 9
k=N+1 1+
N3
that is,
3.3 |=¢<0"
k:n0+11+km0

The last inequality means that on E; by virtue of 1) and
Theorem 9.7, the functional series under study converges
unevenly.
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Problem
9.5

Solution.

Solution
found.

Investigate the uniform convergence of a functional series

fl)k

Z (72 arctg zk
o Vk+z

on the set X : xz€[l,+00).

o0 —1 k
1) Let us first consider the series )

=1 Vk + x2
1

VEk+a2

It is easy to see that the sequence of partial sums of the series
o0

. Let the

sequences ay(z) = (—1)* and by(z) =

> (=1)* is bounded, and a sequence with a common term

k=1

{bx(z)} is monotonic in k.

It converges uniformly on X : z € [1,400). to the zero
function due to the inequality

1 1
—<—==0 at k— 00.
VE+22 7~ Vk
N O :
Then the series ——=——. converges on X uniformly

i1 VE+ 22

according to the Dirichlet criterion (Theorem 9.8).

2) On the other hand, the sequence arctgz® is monotone
in k and is limited to X .

Therefore, the original functional series will be converge
uniformly on X according to Abel’s criterion (Theorem 9.9).
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Problem
9.6

Solution.

Is it true that

o) T
A) row > arctgﬁ can be differentiated term by
k=1
term by R?

B) This row converges uniformly on R?

1) The series under study obviously converges at the point
z=0.

2) Consider a series whose common term is the derivative
from the common member of the series under study. We have

, 2\’ k2 1
uy(z) = arctgﬁ = a2 < = Vo € (—o00, +00) .

Whence it follows that a series composed of derivatives will
converge uniformly on any segment [—C,C] C € (0,40c0)
according to the Weierstrass sign.

Then, by Theorem 9.3, the original functional series it is
possible to differentiate YC' € (0,+00). On the segment
[-C, C] this series will converge uniformly to differentiable
function (due to the arbitrariness of C' € (0,+00)) on the
entire real axis.

Therefore, the answer to question A) is yes.

23
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Solution
found.

3) Consider question B).

Functional sequence {ux(x)} converges pointwise to the
function, identically equal to zero on the entire real axis.

On the other hand, we have

sup|uk(x)’74>0 at k — oco.
reX

Indeed, for the functional sequence < arctg can always

k2
be found a pair of numbers ky € N and zy € R such that
xo = ki . This gives

7r
Up, (xg) = arctg 1 = Ve 0.

That is, it is not fulfilled Corollary 9.1 — a necessary
condition uniform convergence of the functional series

i uy () .

k=1

Hence the answer to question B) is negative.

24
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Problem Calculate

2
9.7 < sin? kx
IZ/<Z;<;(;<;+1> .
0

Solution. 1) The terms of the integrand are continuous on [0, 27]
functions. In this case Vz € [0, 27] inequality is true

1
<3

sin? kx
k(k+1)

Then the integrand converges on [0, 27| uniformly and can
be integrated term by term.

2) Because
2 1 2
/Sin2 kxdx = 5/(1 —cos2kx) de =7,
0 0

then (check it out for yourself!)

o0
Solution Z D) ﬂ-z < " 1)

found. = k=1
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Problem
9.8

Solution.

Represent function arctgx in the form of a functional series
and evaluate the segment, at which it converges.

1
1) The function (arctgz) = o2 is representable on
T

x € (=1,1) as the sum of an infinitely decreasing geometric
progression

1 o0
i B Co (9.4)
k=1

2) The functional series on the right side of equality
(9.4) is majorized by a number series of the form
&)

S (—=1)F1p2(k=1) " This series is convergent Vr € (—1,1).
k=1

Then the functional series (9.4) will converge uniformly on
the segment [—r, 7] and equality (9.4) can be integrated term
by term.

26
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3) As a result, we come to equality
1)k 12kl

— (
arctgac—l—C'—kzzj1 Y-

Integration constant C' = 0, since arctg0 = 0.
So the function arctgz is appeared as functional series

o (_1)kx2k+1

t = E ~ 7
arctgx 2 o1
Solution

found. This series converges uniformly on [—r,r] Vr € [0,1).
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