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Functional sequences

When solving applied problems, one often has to face the need
approximation of some functions by other, simpler ones. It is also allowed
that this approximation is carried out with some error.

An example of such an approximation is, for example, the Taylor
formula. However, other approaches to implementing this idea are also
possible. Let’s consider one of them.

Let’s give
Definition Function set fi(x) Yk € N defined by Vz € X C R,
8.1 we will call a functional sequence and will denote as

{/r(2)}.
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Pointwise convergence of a functional sequence

Definition We call the function F(z) limit function for the
8.2 function sequence {fx(x)}, if for each numerical
sequence of the form {fx(zo)} Vzo € X occurs

Jim fi(@o) = F (o) .

Note that if a limit of a number sequence exists, then it is unique.
Therefore, the dependence F'(z) is obviously a function.
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Then you can give

Definition Let’s say what if
8.3

lem fr(zo) = F(xo) VYao € X, (8.1)

then the functional sequence

{fx(z)} converges
pointwise to F(x) on the set X .

Recall that in quantifier form, condition (8.1) is formulated as follows:
Vzg € X and Ve >0 3 number Ng, . such,
what Vn > N, . inequality is valid

fn(l‘o) — F(Jfo) < €. (82)

Here we note that the symbol N, . means ability to choose number N

for each zg and ¢ in its own way, regardless of how this choice was made
for other xy and «.
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Let we are only interested in the values of the function F(z). In this
case using fi(z) as an approximation of F(x) it can be quite justified.

However, things are not so simple in a situation where we care the
coincidence of some properties of F(x) and the approximating function.
For example, these properties may be continuity or differentiability.

A typical case for pointwise convergence is demonstrated by

Problem Find the limit function for a functional sequence fi,(z) = z*
8.1 on set x €1[0,1] .
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Solution.

Solution
found.

It is easy to see that in this case

lim zF =0, if z€l0,1),

k—o0

and
lim 2F =1, if 2=1.
k—o00

That is,

[0, at z€]0,1),
F(x)_{l, at x=1.

Comparison of properties of functions F(x) and x* on the
segment [0, 1] shows that the first of them is not continuous.
The second is not only continuous, but also has a derivative
of any order on this segment. Fig. 1 illustrates this fact.

On the other hand, it is easy to show that for a given
functional sequence on the set [0, ] (where o < 1) the limit
function will be infinitely differentiable.

Conclusion: with pointwise convergence, the properties of
the terms functional sequence are optional coincide with the
properties of the limit function.

5
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Fig. 1. Graphs of functions fi(z) = z*

for k=1,2,5,10,17 to problem 8.1.
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Uniform convergence
of a functional sequence

Now we consider the conditions that guarantee the coincidence of
properties of members functional sequence and its limit function. They
are formulated by introducing a special type of convergence called uniform
convergence on the set X.

Let us slightly change the quantifier formulation of Definition 8.3. Let’s
give

Definition We will say that the functional sequence {fx(x)}
8.4 converges uniformly on the set X , if

Ve >0 dN. € N such that Vz € X and Vn > N,
inequality
fulx) —F(z) | <e.

is valid.
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The main difference between Definition 8.4 and notation (8.2) is that
in the case of uniform convergence of the functional series, number N, is
found (selected) according to the same rule for all points of the set X.

In addition, uniform convergence implies pointwise convergence, but
not vice versal!

Let us also agree on the following notation.

Pointwise convergence of a functional sequence {fx(xz)} on set X
to the limit function F(x) we will denote it like this fk(:r);)F(x)

And for uniform convergence {fr(x)} on set X we will use the notation

X
Accordingly, cases of absence of pointwise or uniform convergence
denoted by symbols  fi(z) A F(z). And  fi(z) B F(x).
b X
An example of the use of these notations would be

Dedndeden We will say that the functional sequence {fx(z)}
8.5 converges unevenly on the set X , if fk(x);)F(x),

But fi(z) f& F(z).
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A natural question arises: what is the benefit of uniform convergence?
The answer to this question is given by the following theoretical facts.

Theorem
8.1

Theorem
8.2

Theorem
8.3

If functions fi(xz) are continuous on [a,b] and
{fx(z)} converges uniformly on [a,b] to the limit
function F(z), then F(z) is continuous on [a,b)].

If functions fr(z) are continuous on [a,b]
and {fi(z)} converges uniformly on [a,b] to the
limit function F(z), then the functional sequence

{f Jr(w) du} converges uniformly to the function
xﬁo

J F(u)du, where xg € [a,b].

Zo

If functions f;(z) are differentiable on [a,b] and

— {fx(z)} converges at least at one point z( €
[a,b],

— sequence {f/(z)} converges uniformly on
[a,b],

then the sequence {fi(xz)} converges uniformly on
[a,b] to continuously differentiable on [a,b] function
F(z) such that

Fl(x) = klgr;o fi(x) Vz € la,b].
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For completeness of description, we also show that functional sequence

fr(z) = ¥, considered in Problem 8.1, does not converge uniformly on
the set x € [0,1] .

For this purpose, let us first formulate in quantifier form mnegation
definitions 8.4 and 8.5.

Definition We will say that the functional sequence {fx(x)}
8.6 converges not uniformly on the set X , if
1) fila) < F(z)
and
2) Jeg > 0 such that VN € N : Jzg € X and
dng > N, for which inequality

fno(®0) — F(z0) | 2 €0

is true.

10
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Note that for the functional sequence {z*}, on segment [0, 1]

360:% such that VN : dng=N and dzg = <1,

1
/2

for which inquality

N
fao(@0) = Flwo) | =| a0~ 0] = (,%) = S2e

is true. This, according to definition 8.6, proves the absence of uniform
convergence.

Finally, taking into account the solution to Problem 8.1, we conclude
that the considered functional sequence converges not uniformly on
segment [0, 1].

11
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Conditions for uniform convergence
functional sequence

Let the members of functional sequence have such properties as
continuity, integrability and differentiability.

In this case Theorems 8.1 — 8.3 state sufficient (but not necessary!)
conditions under which there are the similar properties for the limit
function.

Let us now formulate the criteria, guaranteeing the presence or absence
of the property of uniform convergence for a functional sequence.

12
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Theorem
8.4

Corollary
8.1

In order for the functional sequence {fi(z)} ,
defined on the set X, converged uniformly on this
set to F(z), necessary and sufficient to

lim sup| fi(z) — F(x) ‘ =0.

k—o0 reX

If there is infinitesimal number sequence {A;} and
number N such that

vk

v

N | @) - P) | < A,

then fi(z)= F(x).

=

13
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Theorem In order for the functional sequence {fi(z)} ,

8.5 defined on the set X, converged uniformly on this
(Cauchy  set, necessary and sufficient to
criterion) Ve >0 3 N, such that
Vk>N., VpeN VxelX,
inequality ‘ Jrtp(x) — fr(z) ‘ < ¢ is true.

Theorem In order for the functional sequence {fi(z)} ,
8.6 defined on the set X, did not converge uniformly
(negation on this set, necessary and sufficient to

of the VY N €N, there are found

Cauchy €0>0, kg >N, zp € X and py € N
criterion) . . .
such that inequality | fiy+p,(Z0) — fro(x0) | > €0 is

true.

14
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The Cauchy criterion (as well as its negation) is convenient to use in
cases where the limit function F(z) is unknown or cannot be represented
in a form convenient for use.

As an example, consider Problem 8.1 again and prove absence of
uniform convergence for functional sequence {z*} on segment [0,1].

1
Notice, that VN € N dng=N >N, dpp = N and EI:ZJOZR—Q@<17

for which the relations are valid

‘ Fro+po (€0) = fro (20) ‘ = ‘ gt — gpe

16a) - ()]

This, by virtue of Theorem 8.6, proves the absence of uniform convergence.

=~ =
DN =

! 0
—Z—EO> .

15
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Examples of studying
functional sequences for convergence

Problem Investigate a functional sequence for uniform convergence

8.2
B ksin? kx

fk(l’)—m z € [0,+00) .

Solution. 1) Let us first find F'(z) — the limit function. That is, for a
fixed non-negative x we calculate

ksin? kx
im ——.
k—o0 LL’Q + k2
We have estimates

k 1

— 24+ k2 22 koo

ksin? kx

2 + k2

It means F(z) =0.
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2) Now on the entire set [0, 400) we estimate

| fula) - F@) | = <.

- <
$2+k2 _$2+k2

ksin® kz ‘ k

Therefore, by virtue of Theorem 8.4, the sequence under
study converges on the set [0, +00) uniformly, because the

found. 0 < lim sup| fx(x) — F(x)

Solution
k—o0 zeXx ‘
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Problem
8.3

Solution.

Investigate a functional sequence for uniform convergence

kz?

1) = T

on the: 1) Ey: xz€[0,1] and 2) Ey: x € [1,+00).

1) It is easy to see that F'(x) = 0 is a limit function on both

sets.

We have ( ) 4)
2kx(1 — k*x
fli;(x):ﬁ:
(14 k2z4)

2
Whence it follows that all f;(x) monotonically decrease by
FE5 and the estimates are valid on this entire set

1 1
at the point zg, = N € By, with fi(wor) = 5.

| fr(z)—F(x) ’ = 0.

k2 ol < k <1 N
1+ k224 “14k2 Tk koo

This implies uniform convergence of the functional sequence
under study on Fs.

18
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Solution
found.

1
2) Since Vk to E; thereis a point g, = —=¢€ Ey, at

Vk

1
which fi(zox) = 2 then

s<sw|fl@)-F@| Ao

TEE; k—o0

That is, the functional sequence under study does not
converge uniformly on Fjp, and converges unevenly on this
set (see Fig. 2).

19
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Fig. 2. Graphs of functions fi(x) for k =1,2,4 to Problem 8.3.

o
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Problem
8.4

Solution.

Investigate a functional sequence for uniform convergence

kx?
e@) = s -

on the: 1) Ey: xz€[0,1] and 2) Ey: x € [1,+00).

1) It is easy to see that F'(x) = 0 is a limit function on both

sets.

kx(2k3 — 23)
(k3 4+ 23)2

. . : V4

point x} = kv/2 € Ey, wherein fi(z}) = 5 Vk e N.

In this case, the derivative fj(z) = = 0 at

This means that all f(z) increase monotonically by F; and
the estimates are valid on this entire set

| fr(@) = F(2) | =

k2 < k 1 0
Br U S15e Sk e

This implies the uniform convergence of the functional
sequence under study on Fj.

21



Multy-Dim ANALYSIS & Integral and series Umnov A.E., Umnov 5.4. ThemeO8 2024/25r 22

2) Since for any k there is an extreme point on Ey x} = k2,

3
4
wherein fi(z}) = i

3 Vk € N, That

\fé sup | fr(z) — F(z) # 0.

x€F, k— oo

This means that the functional sequence under study does
Solution mnot converge uniformly on E3, and converges unevenly on
found. this set (see Fig. 3).
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Fig. 3. Graphs of functions fi(x) for k =1,2,5 to Problem 8.4.

23
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To solve the next problem we need additional theoretical fact associated
with the Taylor’s formula.

It is known that if a function f(x) has points in a neighborhood zg
derivatives up to order n — 1 inclusive, and at a point it has a derivative
of order n, then the Taylor formula with remainder term in Peano form is

valid "
— [ (20)
flx) = f(xo) + Z T(m —20)" + o((z — 20)") .
k=1

If we additionally require that the function f(z) have in some
neighborhood of the point xg derivatives up to order n+1 inclusive, then for
any x from this neighborhood there is a point § € (z—x0,x0) J(x0, z+ o)
such that the Taylor formula turns out to be valid with remainder in
Lagrange form

FrD(e)

G E) e (83)

) (g
F@) = 1o+ 30 T )t
k=1 ’

24
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This formula allows us to obtain useful estimates for function values.

For example, for the function f(z) =sinz for n = 1 due to (8.3) we
have that

2

x
3¢ € R, for which sinz=2x+ o (sin(2) x

Whence it follows that

2
sinx —x S? VereR.

25
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Problem Investigate a functional sequence for uniform convergence
8.5

1
fr(z) = karctg Pt
on the: 1) Ey: xz€(0,1) and 2) Ep: x € (1,400).

Solution. 1) For the functional sequence under study limit function for

1
fixed x both sets have F(z) = —, since
x

1 1 1 1
lim karctg — = —| lim k tg — | = —.
Pl kx «x <kggo Larcts ka:) x
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1
2) On the set E; for each number k there is a point zgr = —,

for which, due to k& > 1, the following estimate holds:

1
kror  Tok

k arctg

:’karctgl—k’21—%>0.

This means that

lim sup| frx(z) — F(x) ‘ #0

k—00 zeX

and the sequence under study does not converge uniformly
on Fj.

27
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Solution
found.

3) Let us now consider the sequence under study on segment
Es.

Function arctgz has a derivative of any order on the entire
real axis. Therefore it will be fair for her the following version
of Taylorp’s formula with a remainder term in Lagrange form
(8.3)

"

(arctgz)y_¢
—
2!

Check for yourself what the value is (arctgz)” on the set
E5 does not exceed 1/2. Therefore for this set the following
2

arctgx = x +

x
estimate is valid: |arctg:c — x| < i by virtue of which

fil) = Fla) | =

X

< —— <
- 4k222 T 4k k—oo

Hence it converges uniformly.
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To conclude the discussion of the properties of functional sequences,
let’s pay attention to the following important details.

1) The lack of uniform convergence may not be the reason for the
presence of ’good’ properties in the limit function. Let’s consider

Example  Let (see Fig. 4)
8.1.

29
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Fig. 4. Graph of the function fi(z) for Example 8.1.

In this example, the limit function F(z) = 0. Indeed Vz* € (0, 1] 3k
2
such that — < z*. And we have f;(0) = 0 for each k.

All functions fi(z) z[€ [0,1] are continuous but not differentiable.
Function sequence  {fix(z)} is unlimited, which means that the
convergence is non-uniform. Finally, the limit function has derivatives of
any order.
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2) The uniform convergence of a functional series with continuously
differentiable terms does not guarantee the possibility of changing the order
of operations differentiation and passage to the limit.

This fact illustrates

Example  Consider for x € [0,1] the functional sequence with a

8.2. z*
common member fi(z)=—.

k

ak 1
Due to the assessment |——0| < T this sequence
converges uniformly to a function. F(x) = 0, for which

F'(z)=0.
On the other side,

fil@)=a""" = fl(1) > 1#F(1)=0.

Recall that condition for commutability of operations of passage to the
limit and differentiation is given by Theorem 8.3.

31
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3) We note that the method of replacing the functional sequence under
study to an equivalent one when passing to the limit of the form k — oo
should be used with extreme caution since the discarded o-small terms
may turn out to be converging unevenly. Let’s consider

Example
8.3.

1 T
Functional sequence f(z) = —+ — does not converge

uniformly on [0, 00) to F(x) = 0. Since from the existence
of xg = k? follows (check it out yourself)

lim sup| fi(z) — F(x) ’ #0.

k=00 pzeXx

12
term will result in an error when determining the type
of convergence. Since it is a fact that functional sequence

T 1
At the same time, we have — = o (k . Discarding this

1
or(z) = z is uniformly convergent.
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