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Systems of m linear equations with » unknowns

Our main task is to find a formula that describes all solutions of a system of linear equations with un-
knowns of the form

an‘:l +OL12<§2 +~'~+a1n‘:n ZBv
0"21&;1 +O‘22§2 +"'+a2nEJn :Bza

a‘mlgl +a‘m2§2 +"'+a‘mnan :Bm’

(1.1)

which in unexpanded form is written as

b

iagﬁg]’ = /8,' , 1= [1, m] 5 or in matrix form HAHH X H = H b
j=1

where the matrix HAH (of size mx n) has arbitrary numerical components &, and the columns H X H and

H b H have, respectively, the components &, j=[l,n] and S, i=[l,m].
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Let us recall the basic definitions needed to solve systems of linear equations.

Definition An ordered set of numbers {&-E3--E,} will be called a particular solution of the
system of linear equations (1.1) if we obtain true equalities when substituting these

numbers into the system. A particular solution of the system of linear equations will

0
1

(530
be written in the form of a column H x' H = 7.
(530
The set of all particular solutions of the system of linear equations (1.1) will be
called the general solution of system (1.1).

If system (1.1) has at least one particular solution, then it is called compatible, oth-
erwise - an incompatible system of equations.

Definition System (1.1)is called homogeneous if S, =0 Vi =[1,m], otherwise - an inhomoge-

neous system of equations.

A homogeneous system HAHH X H = H 0 H is always compatible, since it has an obvious zero (trivial) so-

lution.

Definition  The matrix HAH is called the main matrix of system (1.1), and the ma-

A A N

Oy o Oy, | B,

o
trix| 4 | o] =] is called the augmented matrix of this

a (0

m?2 amn Bm

ml

system.



LINEAR ALGEBRA Umnov A.E., Umnov E.A. 3
Theme 01 Seminars 2026/27

Let us now formulate the main theoretical statements used in solving systems of linear equations.

We will need:

Theorem In order for system (1.1) to be compatible, it is necessary and sufficient that
(Kronecker—  the rank of its main matrix be equal to the rank of the extended one.
Capelli).

For a system of linear equations n with n unknowns Zaijﬁ ;= p s i=[Ln], we have
Jj=1

Theorem In order for the system of linear equations (1.1) to have a unique solution for , it

(Cramer's is necessary and sufficient that , and in this case the solution of this system will
rule) . have the form

A./ .
g_/ = X > J = 1,2,...,7’1 ’

where A is the determinant of the matrix obtained from the matrix | 4| by re-

placing its j-th column with a column of free terms H b H :

o, o, .. B .. a,
a,, A, .. B, .. «a
21 22 2 2
A, =det "l
anl anZ ﬂn ann

J -th column.
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Rank of a matrix

Let £ a number be such that 1 <k < min{m,n}. Let us choose in HAH some way k columns and rows

at the intersection of which there are elements that form a square matrix of a minor of order . Note: the
choice of columns and the choice of rows are performed independently of each other.

Let all minors of order k& be zero, then all minors of order higher than £ will also be zero, since each
minor of order k£ +1 is representable as a linear combination of minors of order £ .

Definition  The maximum of the orders of minors of matrix HAH different from zero is called the

rank of the matrix and is denoted by rgHAH (or rankHAH ).

Any nonzero minor of the matrix whose order is equal to its rank is called a basic
minor.

The columns (rows) of the matrix that are part of the matrix of a basic minor are
called basic.
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Linear dependence of columns

Consider n m -component columns of the form

Oy O, Ay, B,
0
Hale o ; asz o sees |G| = o and columns HbHZ P 5 HOHZ .
a‘ml a‘mZ amn Bm 0

Since for columns (as a special case of matrices) the operations of comparison, addition and multi-
plication by a number are defined, then we will say that a column HbH is a linear combination of columns

Hal Ja,|...|a,| if 3 numbers Hal Ja,|...|a,|, such that H b H = i/’LJH a, H
J=
Definition  Columns Hal, a,|,...,|a,| will be called linearly dependent if there exist numbers

A, 2,,..., A, that are not simultaneously equal to zero , such that

S fa]=lo]. (X[r,|>0).
J=1 j=1

The definition of /inear independence is also given similarly to the definition for vectors.
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Theorems using the concept of matrix rank

Let us first recall that the following statements are true:

Lemma For the columns (rows) of a matrix to be linearly dependent, it is necessary
and sufficient that one of them be a linear combination of the others.

If among the columns of a matrix there is a linearly dependent subset, then
the set of all columns of this matrix is also linearly dependent.

Theorem Every column (row) of a matrix is a linear combination of the basic columns
(on the basic (rows) of this matrix.

minor) .

Corollary For the determinant to be equal to zero, it is necessary and sufficient that the

columns (rows) of its matrix be linearly dependent.

Theorem The maximum number of linearly independent columns of a matrix is equal
(on the rank to the maximum number of linearly independent rows and is equal to the
of a matrix). rank of this matrix.
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Formula for solving a system of m linear equations with » unknowns

When constructing a general solution to system (1.1), we use the following easily verifiable state-
ments.

Lemma 1. Any linear combination of particular solutions of the homogeneous system (1.1) is
also its particular solution.

2. The sum of some particular solution of the homogeneous system (1.1) and some
particular solution of the inhomogeneous system is a particular solution of the
inhomogeneous system (1.1)

3. The difference of two particular solutions of the inhomogeneous system (1.1) is a
particular solution of the homogeneous system (1.1).

It follows that the following important

Theorem A The general solution of a non-homogeneous system of equations is the general so-
lution of a homogeneous system plus some particular solution of a non-
homogeneous system,

GENERAL solution of a GENERAL solution of a Particular solution of a
NON-homogeneous — homogeneous + NON-homogeneous
SLE SLE SLE

It should be noted that in this theorem the particular solution of a non-homogeneous system of linear
equations can be anything.
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First, let us consider the problem of finding a general solution to a homogeneous system of linear equa-
tions.

Note that since each particular solution of the system of linear equations (1.1) can be represented as an
n -component column, we can use the concepts of linearly dependent and linearly independent particu-
lar solutions of this system.

The basis for constructing a formula for a general solution to a homogeneous system is

Theorem B The maximum number of linearly independent particular solutions of a homo-
geneous system (1.1) is n — rgHAH .

Definition A fundamental set of solutions for a system of linear equations (1.1) is a set of any
n—rg 4| linearly independent, particular solutions of a homogeneous system (1.1),

where 7 is the number of unknowns in the system (1.1), and HA H is its matrix.

A matrix whose columns (or rows) are the columns of fundamental solutions is
called fundamental.
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By virtue of the first assertion of the lemma, any linear combination of fundamental solutions is a par-
ticular solution of the homogeneous system (1.1).

On the other hand, the following is also true:

Theorem C Each particular solution of the homogeneous system (1.1) can be represented as
a linear combination of particular solutions that make up the fundamental set
of solutions.

Based on the last two assertions and Theorem A, we conclude that the following is true:

Theorem D The general solution of the inhomogeneous system (1.1) can be represented as
the sum of an arbitrary linear combination of fundamental particular solutions
of the homogeneous system and some particular solution of the inhomogeneous
system (1.1).
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Let us illustrate the application of the presented theory in detail by solving

Task 1.01. Find the general solution of a system of linear equations

x + x, — 3x, - 6x, = -8 ,
x + 2x, — 9x; - 6x, i -12 A)
X, + 3x;, - 6x, = -4 ,

x, — 6x, = -4

Solution: 1. Replace the original system with an equivalent one, such that finding the particular
solutions we need is not a difficult task.

To do this, subtract the first equation successively from the second and third, without
changing the first and fourth equations. We obtain the system

x + x, - 3x;, — 6x, = -8 ,
x, — 6x, = -4 ,
- X + 6x3 = 4 ’

x, — 6x, = -4

From which we obtain that the original system will be equivalent to a system of the form

Il
|
0

{ x + x, = 3x; — 6x, B)

x, — 6x, = -4
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2. If we transform the last system to the form

-8 + 3x; + 6x, ,

©)

-4 + 6x, ,

—
=
+
RellRs
(I

then, based on Cramer's theorem, we can assert that the unknowns and have uniquely de-
termined values for any predetermined values of the unknowns x; and x,.

3. We will use this property of system (C) to find the necessary particular solutions.
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First, we need some particular solution of system (A). We will find it by putting, for ex-
ample, in system (C) x; = x, = 0. This will give x, =x, = 4.

4. Second, we need fundamental solutions of the homogeneous system (A).

By definition, the right-hand sides of the equations of a homogeneous system (A) are

zero. Therefore, having performed the same transformations for a homogeneous system
as for a non-homogeneous one, we obtain a system of the form

X+ ox, 3x;, + 6x, |, D)
x, = 6x, .

For the fundamentality of particular solutions, it is required that
- first, they are linearly independent and,

- second, their number is equal to n—rg| 4.

In our case n =4, and rgHAH:Z.

Indeed, the transformations we have performed on the equations of system (A) do not
change the ranks of the matrices, and, therefore, the ranks of the fundamental matrices of

systems (A) and (B) are the same. Then it follows from the formula » —rgH A H that we

need to find only two linearly independent particular solutions of system (D).
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Since the unknowns x, and x, in system (D) are arbitrary, then (prove it yourself) the
linear independence of a pair of particular solutions of this system is guaranteed by using

x; =1, x, =0 for the first solution and x, =0, x, =1 - for the second.

Consequently, we find the first fundamental solution by solving the system

x1+x2:37 . . x1+x2 :6, .
This gives x, =-3,x, =6. Thatis, x, =6,x, =0.
x, = 6. x, =0.
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5. We write the found solutions in matrix form: the set of fundamental solutions will

-3 6 -4

. 0 . : : -4
consist of | and ol and the particular solution of the inhomogeneous system

0 1 0

In this case, the general solution of the homogeneous system is described by the formula ,

X, -3 6
X, 6 0
= ﬁ“l + 22 Vﬂl , 12 ,
X, 1 0
X, 0 1
a and the general solution of the inhomogeneous
X, -3 6 -4
X, 6 0 -4
= 4 + 4, + VA,,4,.
X, 1 0 0
X, 0 1 0

Note that in the last formula we can exclude 4, and A,. Then we will get a more com-
pact, but less visual form of writing the general solution:

{ x, ==3x; +6x, — 4,

x, = 06x, -4.

Solution is found
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Another condition for compatibility of a system of linear equations, useful for applications, is given
by

Theorem In order for the system (1.1) to be compatible, it is necessary and sufficient
(Fredholm) . T .
of the adjoint system

that each solution HyH=Hm M, - M,

a,m, +a,n, +..+o,m,=0,
oM, +ay,n, +..+ta,,m, =0,

a,n +o,n, +..+a,n, =0

(or in matrix form || A”T” y || =|| 0 ||) satisfies the condition ZBini =0 (or in

i=1

matrix form | b HTH y|=0).
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Elementary transformations. The Gauss method

The practical application of the theory of solving systems of linear equations is complicated by the
fact that, as a rule, it is not known in advance whether the system being solved is compatible. A more
effective computational algorithm that allows either finding the general solution of system (1.1) or es-
tablishing the fact of its incompatibility is the Gauss method.

The essence of this method lies in transforming the augmented matrix of a system of linear equations
to the simplest form by a sequence of so-called elementary transformations, each of which does not
change the general solution of the system of equations.

By “the simplest” form of the augmented matrix we mean the upper triangular form (i.e. the case when
a; =0 for i> j), for which it is possible to recursively find unknowns by only solving a linear equa-

tion with one unknown at each step of the procedure.

Below is an example of a matrix of size m x n (n > m), having an upper triangular form

a, 4, a3 ... 4, (23 a A1 o Gy
0 a, ay .. Ay oy Ay as ., Ay 1 - Gy,
0 0 ay .. A3 o A3, as,, A3y e gy,

O O amfl,mfl amfl,m amfl,erl amfl,n
O O O amm am,m+1 amn
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Elementary matrix transformations include:

- row permutation (renumbering of equations);
- permutation of columns of the main matrix (renumbering of unknowns);

- deletion of the zero row (exclusion of equations identically satisfied by any values of un-
knowns);

- multiplication of a row by a non-zero number (normalization of equations);

- addition of a row with a linear combination of the remaining rows with the result written in
place of the original row (replacement of one of the equations of the system with a conse-
quence of its equations obtained using linear operations).

The solution of a non-homogeneous system of equations (as well as the rank of its matrix) will not
change even when using any combination of elementary operations.
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A direct check can show that elementary transformations of any matrix can be performed by multi-
plying it by matrices of the following special type. For example:

- permutation of columns with numbers i and j of a matrix HAH of size mxn is performed

by multiplying it from the right by a matrix H S H , of size nxn, which in turn is obtained

from the identity matrix of order n by permuting the i-th and j-th columns in the last one;

- multiplication of the i-th row of a matrix HAH by some number A # 0 is performed by mul-

tiplying HAH from the /eft by a matrix H S|,» which is obtained from the identity matrix HE H

of size mxm by replacing the i-th diagonal element (equal to one) in the last one by A4 ;

- addition of rows with numbers i and j of a matrix HAH is performed by multiplying it

from the left by a matrix HS H3 of size mxn, which is obtained from the identity matrix HE H

of order m by replacing the zero element in the i-th row and j-th column in the last one by
one (in this case, the result of the summation will be in the place of the i-th row of the

original matrix H AH ).
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It can be shown that if the matrix HS H is square and non-singular and matrix multiplication HS H by
matrix HAH is possible, then the equality is true
rg (| S[l 41D =re]4].
Since detHSH1 =-1, det H S Hz =A#0, and detHSH3 =1, the rank HAH does not change under the trans-

formations considered above.

Check for yourself that the following theorems will also be true

Theorem  Successive application of several elementary transformations is a new transforma-
tion that has a matrix that is the product of the matrices of these elementary trans-
formations.

Theorem If the multiplication of a matrix HAH from the left by a square matrix HS H imple-

ments some transformation over the rows of HAH , then the multiplication HAH from

the right by | S HT implements the same transformation of the matrix | 4|, but per-

formed over its columns.
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The noted properties of elementary transformations allow in a number of cases to simplify computa-
tional procedures with matrix expressions. Let, for example, be the matrix |S| of the transformation

that transforms a non-singular matrix HAH into the identity matrix. Then the transformation with the ma-

trix |S|" will transform the identity matrix |E| into the matrix |4]"

, since by virtue of |E|=[S| | 4] and

non-singularity HAH the equalities are true
|El4l" =IS[ 404" or 4] =[ST|£].
From these relations it follows that the calculation of the product of square matrices HAH_lHBH can be re-

duced to a sequence of elementary transformations of the matrix HA| BH (that is, the matrix formed by

adding the columns of the matrix HBH to the matrix HA

), reducing the submatrix to the identity matrix.

As a result, the desired product is in the place of the submatrix HBH .
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The Gauss method for solving systems of linear equations, based on elementary transformations of
the augmented matrix, is a universal procedure that does not require the use of any specific properties of
this matrix. Let us illustrate this statement with the following example.

Task 1.02. Solve the system of equations

S+ &+ & o+ &+ & = 7,
39‘21 + 252 + ‘):3 + SZ4 - 355 = =2,
&+ 25 + 25, + 65 = 23,
56, + 45, + 38 + 3, - & = 12
Solution. 1°. We compose the augmented matrix of the system
1 1 11 1| 7
3211 -3]-2
0 1 22 6|23
54 3 3 —-1| 12
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2°. We bring it to the upper triangular form. To do this,

a) we transform all the elements of the first column to zeros, except for the element in the
first row. For example, to zero the element in the second row of the first column, we re-
place the second row of the matrix with a row that is the sum of the first row multiplied
by (-3) and the second row. We do the same with the fourth row: we replace it with a lin-
ear combination of the first and fourth rows with coefficients (-5) and 1, respectively.
Naturally, we do not change the third row: it already contains the zero necessary for the
upper triangular form. As a result, the matrix takes the form

11 1 1 1] 7
0 -1 -2 -2 -6/|-23
o 1 2 2 6| 23|
0 -1 -2 -2 -6/|-23

b) now we perform the operation of zeroing the elements of the second column, located
in its third and fourth rows. To do this, we replace the third row of the matrix with the
sum of the second and third, and the fourth with the difference of the second and fourth.
We get

1 1 1 1 1 7
0O -1 -2 -2 -6|-23
o 0 0 0 o o0
0 0 0 0 o0 0
¢) since in this particular case the element located in the fourth row of the third column

turned out to be equal to zero, then the reduction of the augmented matrix to upper trian-
gular form is complete.
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3°.

4°.

The resulting matrix is the augmented matrix of a system of linear equations equivalent
to the original system. The rank of this matrix coincides with the rank of the original.
Therefore, we conclude that

1) the system is compatible, since the rank of the main matrix is equal to the
rank of the augmented one and is 2 (by the Kronecker—Capelli theorem);

2) the homogeneous system of equations will have n—rgHAH =5-2=3 line-

arly independent solutions.

Since the general solution of the inhomogeneous system is the general solution of the
homogeneous system plus a particular solution of the inhomogeneous system, it is suffi-
cient for us to find any three linearly independent solutions of the homogeneous system
and any one solution of the inhomogeneous system.

Let us rewrite the original system in a transformed form, taking the first and second un-
knowns as the main ones, and the third, fourth and fifth as free:

§1+‘t:2:7_§3_‘t:4_§5’
&2 23 - 2&3 - 2&4 - 6&5' (1.2)

For convenience of calculations, we multiply the second row by (—1), and discard the
third and fourth rows, since the equations corresponding to them are satisfied identically.
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By setting the free unknowns in system (1.2) equal to zero, we find a particular solution

—-16
23
of the inhomogeneous system 0 |. The values of the main unknowns are determined
0
0
from an easily solvable system of linear equations
{‘:1 + & = 7
g, = 23.

For the homogeneous system

{§1+§2=0—§3—§4—§5,

& =0 - 28 - 26, - 6&;
we construct a fundamental set of solutions using the standard scheme. The first linearly
1
-2
independent solution | ! | is found from the system
0
0

& + & = -1
& = -2
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Similarly, we get the second

and third

25

solutions.

Finally, the general solution of the original inhomogeneous system in matrix form

can be written as:

& 1 1 51 [H4
& 2 2 |9 |23
El=A| 1[4 O]+ O] +] O A A
& 0 1 0 0
& 0 0 1 0
Solution is found
Note: since there is freedom of choice of both a particular solution of the heterogeneous system

and linearly independent solutions of the homogeneous system, the general solution of
the heterogeneous system can be written in different, but naturally equivalent forms.
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As will be seen from what follows, a large number of problems whose solution is necessary are (or
are reduced to) problems of solving systems of linear equations. One of these problems is the problem
of constructing a homogeneous system of linear equations that has a general solution of a given type. In
essence, we are talking about a problem 'inverse' to the problem of solving a system of linear equations.
Let us consider

Task 1.03. Determine the possible type of a homogeneous system of linear equations that has par-
ticular solutions of the form

-1 0 1
=5 | 2] |-1
317 =117 | o
2 -1 1

Solution: 1) For any constants A,, 4, and A,, the solution to the desired system will be a linear
combination of the form

X, -1 0 1
<1 IPEPY e I B I (A)
x| 3 -1 I o
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Let us assume that some equation of the desired system has the form
o, x, +o,x, +ax; +a,x, =0,
X

or in matrix form Hal a, o, a, H ] 0. (B)
3
Xy

2) Let us find out for what values «,, a,, a;, @, this equality will be true for any
A, A, and A, . To do this, we substitute (A) into (B) and regroup the terms on the left-

hand side:
-1 0 1
-5 2 -1
Hal a, o, a4Hl 3| F A 1T A 0 =0
! 2 2 -1 3 1
-1 0 1
Ma, @ a al| T3 ¢ e @ oa a3 v Al @ o w3 = 0

2 -1 1
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3) This equality will obviously be true for any A,,4, and A,, if the numbers
a,,a,,a;,a, are the solution of the following homogeneous system of linear equa-
tions:

-a, —5a, +3a; +2a, =0,
2a, —a, —a, =0, ©)
a, -a, +a, =0.

4) We solve this system using the Gauss method, transforming its main matrix:

-1 -5 3 2 -1 -5 3 2 -1 -5 3 2
o 2 -1 -1} ~ 0 2 -1 -1 ~ 0o 2 -1 -1 (D)
1 -1 0 1 0 -6 3 3 0O 0 0 O

We take a, and «, as the main unknowns, and, and «; as free ones. We obtain a

o a, —2a, =-5a, +3a,,
simplified system:
a,= 2a,—a,.
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5) The rank of the matrix (D) is 2, therefore the system (C) has 4 -2 =2 fundamental
solutions of the form:

-1 1
1 | o
o | 1
21 -1

Check this yourself.

6) From which it follows that the desired system will have a maximum of two inde-
) -x, +x, +2x, =0,

pendent equations, for example, of the form
X, +x;, —x,=0.

This is the answer to the task.

Solution is found
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For the sake of completeness, we note that there is an alternative method for solving the problem under
consideration. We will describe it.

Solution: 1) Again, for any constants A, 4, and A, the solution to the desired system will be a
linear combination of the form

X, -1 0 1
i I i A el Y (A)
x| 7Y 3 -1 I o]
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2) According to the rules of operation with matrices, it follows from equality (A) that
the numbers 4,, 4, and A, must be a solution to a non-homogeneous system of linear

equations of the form

- + A4 = x,

=54, + 24, - A4 = x,, E)
34, - 4 = X,
24 - A+ A = x,.

3) System (E) must be true for any 4,, 4, and A,, and, therefore, its right-hand sides
must be such that this system has a solution.

The Kronecker-Capelli theorem states that for the compatibility of a non-homogeneous
system it is necessary and sufficient that the rank of its fundamental matrix be equal to
the rank of the extended one.
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Let us find these ranks for the system (E) using the Gauss method. We have

-1 0 1 ] x -1 0 1 | X,
-5 2 -1 ] x| _ 0 2 -6 | -5x+x,| _
3 -1 0 | x 0 -1 3 | 3x+x
2 -1 1] x 0 -1 3 | 2x+x
-1 0 1 | X,
0 0 | x+x,+2x,
Tl o -1 3| 3x, + X,
0 0 | x+x5-x

4) The rank of the main matrix is 2. The rank of the augmented matrix for arbitrary val-
ues x,, x,,x; and x, may well be greater than 2. However, if we require that these

values satisfy a homogeneous system of equations,
{xl +x, +2x, =0,

X, +x; —x,=0.

(F)

then the ranks will coincide. Therefore, the system (F) is the answer to the task.

5) Finally, we note that if we add the first equation of the system (F) to the doubled
second and replace the first equation with this sum, we will obtain an equivalent system
that coincides with the answer in the first method.

Solutioon is found



