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Taylor formula

Let us now consider other methods of studying a function in a small
neighborhood of some point.

These methods are based on the use of derivatives up to the n-th order.

Let the point z for the function y(z) be an interior point of the domain
of definition.

That is, there is a neighborhood of z( entirely contained in the domain
of definition of this function.

And let the function y(x) at this point have continuous derivatives up
to and including the n-th order.

Let us assume that an analytical description (for example, in the form
of a formula) of the function y(x) is too complex for study. Or it is unknown
at all. And let us be interested in the properties of y(x) only in a relatively
small neighborhood of the point xg.

Then it seems appropriate to use an approximate description of this
function in the form of a linear combination of power functions of order no

greater than n :
n

y(@) = Y Anle — ao)*

k=0

is valid, where Ay Vk € [0,n] are some constants.
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Specifically, we will assume that in some neighborhood of the point xg
the equality

n
y(x) = ZAk(x — x0)" 4 r(x, x0) (5.1)
k=0

is true. Here r(x,x() is a function equal to the approximation error.

Formally, (5.1) can be written with any coefficients Aj. However, one
can expect that the quality of the approximation (i.e. the magnitude of
| 7(z,x0)|) will depend on the values of these coefficients.

Therefore, we will use (5.1) with values of Aj such that the value
| 7(z, x0) |, is minimal.
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To do this, we require that the value of r(z,z¢) be equal to zero at
xr = Xg.
Relation (5.1) at & = x turns into the equality

y(xo) = Ao + r(x0, x0) - (5.2)

Whence it follows that, to satisfy the condition r(zg,2z¢) = 0, we must
take Ag = y(zo) .

Next, we require that the first derivative of the remainder term also be
equal to zero at x = xq.

We know that if functions are equal, then their derivatives are
also equal. Then the equality obtained from (5.1) by term-by-term
differentiation will be

r'(z,20) = ' (z) — Z kA (z — zo)*71 . (5.3)
k=1

Hence we obtain that at x = xg the condition 7’/(xg, ) = 0 will be true,
subject to Ay = y/(z0) .
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Reasoning similarly, we obtain that the derivative of the remainder
term of order k£ will turn to 0 at z = z(, subject to f(k)(gco) = KklA;.

From which we get

1
Ay = Hy(k) (z0) . (5.4)

As a result, we come to the conclusion that the «best» approximation
of the function y = f(z) has the form

@) =3 i (o a4 (a0,
k=0 '
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Let y(x) have derivatives up to order n — 1 inclusive in a neighborhood
of the point xg and let there also exist y(")(mo), then the following theorem
is true:

If in the power approximation its coefficients are chosen
according to formulas (5.4), then r(x,z() = o(x — zo)".

In this case, the equality
- y( 0 k n
y(x) = Z T(m —29)" + o(x — x0) (5.5)

is called the expansion of the function y(x) in a neighborhood of the point
xg according to the Taylor formula with the remainder term in Peano form.

If y(x) has derivatives up to order n + 1 inclusive in a neighborhood of
the point xg, then for any z in this neighborhood there exists £ such that

y(n+1)(§) n+l

r(x, o) = 1) (x — x0)

In this case r(z, o) is called as the remainder term of the Taylor formula
in Lagrange form.

Equality (5.5) in the case when z¢ = 0 is usually called the Maclaurin
formula.

Finally, we note that = —z¢g = dr and (5.5) can be written as

y(x) = y(xzo) + %dky + oz — z0)".
k=1 """
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We present Maclaurin formulas for some basic elementary functions.

n I’k

© = B

1)

Q
Il

x
= 1+w+§+0(x2),

no g2kt
2) shx = —_—
) kz::o (2k + 1)!
3 b

_ r T 6
= ot gt gl

+ o(221+2) =

3) chux = Y —

4) sinx = g: (—1)k7+ 0(£E2n+2) —

5) cosz = Zi:(—l)k

6) (1+z)¢ = 1+ Cka¥ +o(z") =
k=1

a(a—1
= 1+ax+¥x2+o(x2),

7 — - _1k k ny _
) T - E Do)
= l—z+2%+o0(2?),

9 = Sk o) =
k=0
= 1+x+2%+o0(x?)
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1 (2k — D!t
9 =1 b ") =
) +k2::1 o @ o)
= 14zt a2t o(a?
= ZE+ 3 o(z?),
n ( l)k 1
10) In(l14+z) = > —F—— . Fto(an) =
k=1
2 a8
= —5 T3t o(z®),
n p2k+1
11) arctgz = kgo(—l)ka 1 + o(z*12)
3 Zf
= - ?—i— g—i— o(x%)
They may also be useful
12) t Pl 2y (%),
gr = 333 153: o(z
, 1 3
13) arcsine = x4+ -3+ —2° +o(a%).

6 40
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2 +5

01, E Taylor fa 1 = ——— in th

Example 5.01 xpand by Taylor formula y(x) T the
neighborhood of zy = —1 up to o((xz+1)").

Solution. 1) To use Maclaurin’s table formulas, we make a change of
variable t = x + 1, then x =t — 1 and

(t—1)%2+5 t?—2t4+6 2 —2t+6

= G- n-12 f-i—12 G-0F<3)

2) Expand f(¢) into simple fractions

D=4 B C

1) = ity

From the condition A(t—4)(t+3)+B(t+3)+C(t—4) =
t2 — 2t +6 we find that A =1, B=2, C = —3, that is
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3) Transform the entry f(¢) to a form convenient for using
tabular decompositions

and use formulas 7) and 8), we obtain

ktk

1 &tk &
t)=1—§;J Z ot") =

(71)1@«%1 . .
177—1 +Z —5 4k + | 1 et").

4) Finally, we return to the original independent variable
T

k+1

= —*—&-Z < ~ 3 .14,6) (z41) 4o((z+1)") .
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Example 5.02. Expand by Taylor’s formula y(z) = e22°=122 i1 the
neighborhood of xg = 3 up to o (z — 3)?*+1).

Solution. 1) To use expansions by Maclaurin’s formula, introduce a
new variable ¢ = x — 3, and express y(z) through ¢ by
substituting x = t + 3, we get

Ft) = e2(t43)*=12(t+3) _ ,2t*~18
Applying formula 1), we get

—18 - (2t2)k 2\n —18 - 2kt2k 2n+1
F#) =718 (1)) = 718y D o)
k=0 k=0

2) Returning to the original variable z, we obtain the desired
expansion according to the Taylor formula

n ok
u(w) = e T - 8% ol - 3
k=0
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Example 5.03. Obtain an expansion by Maclaurin’s formula for the
function y(x) = cos2zsinz up to o(x?"+?).

Solution. 1) Applying the trigonometric formula

sin(a + ) — sin(a — )

cosasinff = 3 ,
1 .
we obtain  y(z) = §sin 3z — §Sinac. Then according to
formula 4)
1 n (3$)2k+1 n $2k+1

— 1 k _ -1 k 2n+2

y(@) =3 (Z( TR 2= orrn) e
k=0 k=0

And finally,

1 S (32k+1 1) 2k+1 2n+2
N
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Example 5.04. Represent the function

JJr—2
5—x

y(z) =In

in the neighborhood of the point o = 3 up to o((z—3)")
by the Taylor formula.

Solution. 1) To apply the expansions according to Maclaurin’s formula,
we introduce a new variable t = x — 3, and express y(z)
through ¢ by substituting x =t 4 3, we get

o1+t

fA)=Iny/-—=-(In(1+t)—In(2—1)) =

1
2-t 4

1 1 t
g in(s(-)).

Applying formula 10) twice, we find that

TN (—1)F1t 1 I<. 1
f(t):4z(lztk—4ln2+4;k2ktk+o((t)"):

k=1

1

k:
ln2+z< k2i+2> t* +o((t)")

2) Returning to the original variable x, we obtain the desired
expansion by Taylor’s formula

n )h—19k
y(x) :—71n2—|—z 4k2i +1(x—3)k+0((x—3)”).
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Example 5.05. Expand by Maclaurin’s formula y(z) = (z — 1)e? up to
o(z™).

Solution. 1) According to formula 1), we have

y(z) = (x —1) (Z 2,%,:5’“ + 0(x”)> :
k=0

This is correct, but it is not an answer to the problem.

2) Expanding the outer brackets, we get

IS} L
—— —Z—x +o(z").

! 2kk!
k=0 k=0

Introduce the summation index m = k + 1. Then we
have k =m — 1 and

y(z) = Z mxm - Z QTk;!Ik +o(z").

m=1 k=0
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3) The value of the sum does not depend on which letter
denotes the summation index. In the first sum, replace
m with &k and write y(z) in the form

n 1 . n 1 B

k=1

" 1 1 & n
:_1—1—;(2’“1@—1)!_ 2,%!) z® +o(z").
=1

The last expression can be simplified a bit by writing

y(x):—1+22k(kl_1)!<2_;> z* +o(z™).

k=1
Finally we get

"2k —1
y(z) = —1—1—2ka+0($”).
k=1
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1
Example 5.06. Expand by Maclaurin’s formula y(z) = Toar2 P to
o(z™).
Solution. 1) Using formula 7) we can write
# — zn: (.’E 4 {,C2)k + 0($2n)
l+ao+a? o '

This is true, but it is not the answer, since it requires a
formula of the view

ZAkx +ola").

1—|—x—|—x2

2) First, we transform y(z), multiplying the numerator and
denominator by 1 — z.

1 B 1—2 1z
l+az+22 (1-2)(1+z+22) 1-—23

y(x) =

Then, according to formula 8), the equality will be true

y(z) = (1 —2) (sz’“ )

k=0
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3) Let’s write the last formula without the summation
symbol

ylx)=(1 fx)(1+z3+z6+x9+...+x3"+0(:173")>

or, in ascending order of powers of x

y(x) = 1—24+02° 423 -2 +02° + 25 —2"4. . +a3"+o(23") .

That is, the numerical sequence { Ay} has the form
{1,-1,0, 1, -1, 0, 1, -1, 0, ...}

with a periodically repeating triad of members 1,—1, 0.
This sequence can be defined functionally, for example,
by the formula

2 2r(k+1)
Sin

AT

which allows us to write the answer to the problem as

A =

m(k+1
y(z) \[Zsm 3+ ) ~a® o(2™).
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Example 5.07. Obtain the Maclaurin formula for

Solution.

y(x) = arctgx .

1) Note that in this case the function y'(x) can easily be

written as a Maclaurin expansion using formula 7) .
Indeed

Integrating this equality over x we get

2k+1
[y

2k+1

n
arctgr = C' + Z(—l) + o(z*"1?),
k=0
where C' is a constant.
Taking into account that arctg0 = 0, we obtain

n Z‘2k+1

arctg x = Z(—l)k2k 1 + o(z?"1?).
k=0




