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AFFINE TRANSFORMATIONS   (Tasks) 
 
 
We will use the following notations: 
 

In the original coordinate system for a given point, with coordinate representation 
y

x
, 

the image will be a point with coordinate representation 




y

x
. In a new coordinate sys-

tem (if required), this point 
y

x
 will have coordinate representation 





y

x
, and the coor-

dinate representation of its image will be 




'

'

y

x
. 
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Task 10-2.01.   For a straight line 0223  yx , find its preimage under a plane 

transformation











.32

,32

yxy

yxx
 

 

Solution:  1) This transformation is affine, since 03
21

12
det 




. It is known 

that under an affine transformation, a straight line is transformed into a 
straight line. Therefore, the problem consists of finding the relationship be-
tween the coordinates x  and y , provided that 0223   yx . 

 
2) Substitute the transformation formula into the image equation 

0223   yx , and obtain the desired linear relationship 
 

05402)32(2)32(3  yxyxyx  . 
 
Solution is found 
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Task 10-2.02.   For a line 0799  yx , find its image under a plane transformation 












.563

,56

yxy

yx
 

 

Solution:  1) This transformation is affine, since 018
63

60
det  . Since under an 

affine transformation a line goes into a line, then. this problem consists of 
finding the relationship between the coordinates x  and y , provided that 

0799  yx . 
 

2) For this, we will need the formulas for the transformation inverse to the 
given one. It is known that for each affine transformation there is a unique 
inverse and it is also affine. In our case, we will consider the formulas for 
this transformation as a system of linear equations with unknowns x  and y . 

Expressing x  and y  through x  and x , we obtain 

















.
6

5

6

1

,
3

1

3

1

xy

yxx
 

 
3) Now substituting the formulas for the inverse transformation into the 
equation of the preimage 0799  yx , we obtain the equation of the de-
sired image 

 

0586907
6

5

6

1
9

3

1

3

1
9 






 






   yxxyx  . 

 
Solution is found 
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Task 10-2.03.  Some affine transformation of a plane the following holds: 
 

the image of a point 
0

0
 is the point 

1

0
, 

the image of a point 
1

0
 is the point 

1

1
, 

the image of a point 
1

1
 is the point 

0

0
. 

 
Which points of the plane remain fixed under this transformation? 
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Solution:  1) Let the given be given by the formulas 











.

,

22221

11211




yxy

yxx
. Let's find it. 

 
 

2) From the first condition          
.1

0

001

,000

2

1

22221

11211


















 

From the second condition          
.0

1

1101

,0101

22

12

2221

1211


















 

Finally, from the third condition 
.1

,1

11010

,1110

22

11

21

11


















 

 

As a result: 











.1

,

xy

yxx
 This transformation is obviously affine. 

 
 

3) Let 
0

0

y

x
 be a fixed point of the obtained transformation. Then there must be 

.

3

2

,
3

1

.1

,

0

0

00

000













y

x

xy

yxx
 It is a unique fixed point. 

 
 
Solution is found 
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Task 10-2.04.   Find an affine transformation of the plane, under which all points of the line 

01  yx  are fixed, and the point 
0

0
 has as its image a point with coor-

dinates 
1

1
. 

 
Solution:  1) Let the desired transformation be given by the formulas 












.

,

22221

11211




yxy

yxx
. 

We immediately obtain from the conditions 
1

1

0

0
  that 

1

1

2

1 



. 

 
2) Now we use the condition of fixedness of each point of the line 01  yx . 
 

Let the point R
 0

0

0

1
x

x

x
 be an arbitrary point of this line. Then the con-

dition of its fixedness will be: 
 








.1)1(1

,1)1(

0220210

0120110

xxx

xxx



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3) We regroup these equalities to the form 
 








.0)1(

,0)1()1(

2202221

1201211



x

x
 

 
\From where, taking into account R 0x , from 
 
















,0

,01

,01

,01

22

2221

12

1211






   we obtain the answer to the task:   











.1

,1

xy

yx
 

 
 

Solution is found 
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Task 10-2.05.   Find all invariant lines of an affine transformation of the plane 












.1072945

,651828

yxy

yxx
 

 
Solution:  1) Let the preimage line have an equation  0,0 22  BACByAx , its 

image has an equation 0  CByAx  or  
 

0)1072945()651828(  CyxByxA  . 
 

And this means that 0)10765()2918()4528(  CBAyBAxBA . 
 
2) Since the equation of the line is determined up to a non-zero factor, the in-
variance condition will have the following form: 



















.10765

,2918

,4528

CBAkCC

BAkBB

BAkAA
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3) Note that the first two equations form a linear homogeneous system: 








.0)29(18

,045)28(

BkA

BAk
 

Since A  and B  cannot be equal to 0 simultaneously, it is necessary to satisfy 
the condition (following from the theory of systems of linear equations): 
 

,0
2918

4528
det 




k

k
 

which gives 
 

.0204518)29)(28( 2  kkkk  
 
From where either    2k ,     or     1k    and can be taken 
 
for 2k      ,7,2,3  CBA    and for 1k      .24,3,5  CBA  

 
Consequently, the desired invariant lines will be: 
 

0723  yx      and     .02435  yx  
 
 
Solution is found 
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Task 10-2.06.   Find an affine transformation of the plane such that: 
 

1) each of the lines 032  yx  and 01  yx  is invariant, 

2) the point 
5

4


M  has as its image the point

32

39




M  .  

 
Solution:   
 

1). Let us move to a new coordinate system in which the origin 'O  is the point of inter-
section of the given lines, and the new basis vectors are the direction vectors of these 
same lines. 

 
The coordinates of 'O  are coordinates of the intersection point of the lines, determined 
from the system of equations:  








.1

,32

00

00

yx

yx
 

Whence 10 x  and .20 y  This means that 
2

1
'







OO . 

 

As the direction vectors of the new axes, we can obviously take 
1

2
'1 



g  and 

1

1
'2 


g . Then, according to the theorem on transition formulas, we obtain that the ex-

pression of the old coordinates through the new ones has the form:







.2''

,1''2

yxy

yxx
 

Whence we find the formulas for the inverse transition: 







.32'

,1'

yxy

yxx
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2). Based on the conditions of the problem, we can assert that under the sought-for affine 
transformation: 

1) , The point 'O  will be fixed, 
2) and the coordinate axes of the new coordinate system will be invariant lines. 
 
 

Then in the new coordinate system the formulas of the sought-for affine transformation 

will have the following, very simple form: 











,''

,''

yy

xx




 where   and   are some con-

stants 
 
3). We will find the values of   and   from the condition  MM  specified in the 
condition of the problem. Indeed, using the formulas of the inverse transition, we obtain 
that in the new coordinate system )11;8( M , and )22;8( M , Whence it is obvious 
that 1  and 2 . 
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4). Finally, substituting the inverse transition formulas into the equalities 











,'2'

,''

yy

xx
, we 

obtain the equations of the relationship between the coordinates of the image and the pre-
image in the original coordinate system (that is, the formulas defining the desired affine 
transformation): 
 












.553

,764

yxy

yxx
 

 
 
Solution is found 
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Task 10-2.07.   In an orthonormal coordinate system, find the matrix of the operator that 

orthogonally projects the position vectors of the points of the coordinate 
plane onto the line x y  3 2 0 . 

 
Sulution:   

1). Let the point-preimage M have the position vector r
x

y0

0

0


 , and the 

point-image M   of the point M  have its position vector 



 

0

0
0

y

x
r . 

 

 
 

It follows from the figure that there is a point M   of intersection of the line 
x y  3 2 0  and the perpendicular to it passing through M . 
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2) Since the normal vector of a straight line x y  3 2 0  is the direction vector 
of this perpendicular, the equation of the latter will have the form 

3

1

0

0 
y

x

y

x
. 

 

From which it follows that the coordinates of the position vector of a point M   
will satisfy the system of equations 

 




















023

,3

,

00

00

00

yx

yy

xx

     or     
















.
5

3

10

1

10

3

,
5

1

10

3

10

9

000

000

yxy

yxx
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3) Using the rules of operations with matrices, we finally obtain that 
 

5

3
5

1

10

1

10

3
10

3

10

9

0

0

0

0 









y

x

y

x
, 

that is 

10

1

10

3
10

3

10

9

ˆ






e
A . 

 
 
Solution is found 
 
 
Note that the operator of orthogonal projection of points of a plane onto a fixed line is linear, but 
not affine, since there is no one-to-one relationship between the images and preimages. There-

fore, 0ˆdet 
e

A . 

 
 
 


